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PREFACE 
 

The purpose of the current book is to introduce to students computational solutions 

of the cases in the business administration. 

First part of the book contains general business models and includes linear 

programming, forecasting, and games theory. This part of the book is for all business 

administration students and accompanies Essentials of Business Administration book. 

Second part of the book is dedicated to advance students with major in quantitative 

finance and deals with financial modeling problems. 
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1.  LINEAR PROGRAMMING – PRODUCTION 

MIX 
 

 

This method determines the product mix that maximizes corporate profitability 

Companies often need to determine the monthly (or weekly) production schedule that 

gives the quantity of each product that must be produced. In its simplest incarnation, the 

product mix problem involves how to determine the amount of each product that should be 

produced during a month to maximize profits. Product mix must often satisfy the following 

constraints:  

 Product mix can‘t use more resources than are available. 

 There is a limited demand for each product. We can‘t produce more of a product 

during a month than is demanded because the excess production is wasted 

Let‘s now solve the following example of the product mix problem: 

Let‘s say we work for a drug company that can produce six products at their plant. 

Production of each product requires labor and raw material. Row 4 in Figure 3-1 gives the 

hours of labor needed to produce a pound of each product, and row 5 gives the pounds of raw 

material needed to produce a pound of each product. 

 

Figure 3-1. 

 For example, producing a pound of product 1 requires 6 hours of labor and 3.2 pounds of 

raw material. For each drug, the price per pound is given in row 6, the unit cost per pound is 

given in row 7, and the profit contribution per pound is given in row 9. For example, product 

2 sells for $11.00 per pound, incurs a unit cost of $5.70 per pound, and contributes $5.30 

profit per pound. This month‘s demand for each drug is given in row 8. For example, demand 
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for product 3 is 1041 pounds. This month, 4500 hours of labor and 1600 pounds of raw 

material are available. How can this company maximize its monthly profit?  

If we knew nothing about the Excel Solver, we would attack this problem by constructing 

a spreadsheet in which we track for each product mix the profit and resource usage associated 

with the product mix. Then we would use trial and error to vary the product mix to optimize 

profit without using more labor or raw material than is available and without producing more 

of any drug than there is demand. We use Solver in this process only at the trial-and-error 

stage. Essentially, Solver is an optimization engine that flawlessly performs the trial-and-error 

search.  

A key to solving the product mix problem is efficiently computing the resource usage and 

profit associated with any given product mix. An important tool that we can use to make this 

computation is the SUMPRODUCT function. The SUMPRODUCT function multiplies 

corresponding values in cell ranges and returns the sum of those values. Each cell range used 

in a SUMPRODUCT evaluation must have the same dimensions, which implies that you can 

use SUMPRODUCT with two rows or two columns but not with a column and a row. 

As an example of how we can use the SUMPRODUCT function in our product mix 

example, let‘s try to compute our resource usage. Our labor usage is given by  

(Labor used per pound of drug 1) * (Drug 1 pounds produced) + (Labor used per pound of 

drug 2) * (Drug 2 pounds produced) + … (Labor used per pound of drug 6) * (Drug 6 

pounds produced)  

We could compute labor usage in a tedious fashion as D2*D4 + E2*E4 + F2*F4 + 

G2*G4 + H2*H4 + I2*I4. Similarly, raw material usage could be computed as D2*D5 + 

E2*E5 + F2*F5 + G2*G5 + H2*H5 + I2*I5. Entering these formulas in a spreadsheet is 

time-consuming with six products. Imagine how long it would take if you were working with 

a company that produced, say, 50 products at their plant. A much easier way to compute labor 

and raw material usage is to copy from D14 to D15 the formula 

SUMPRODUCT($D$2:$I$2,D4:I4). This formula computes D2*D4 + E2*E4 + F2*F4 + 

G2*G4 + H2*H4 + I2*I4 (which is our labor usage) and is much easier to enter! Notice that I 

use the $ sign with the range D2:I2 so that when I copy the formula I still pull the product 

mix from row 2. The formula in cell D15 computes raw material usage.  

In a similar fashion, our profit is given by  

(Drug 1 profit per pound)*(Drug 1 pounds produced) + (Drug 2 profit per pound)* (Drug 2 

pounds produced) + …(Drug 6 profit per pound)*(Drug 6 pounds produced).  

Profit is easily computed in cell D12 with the 

formulaSUMPRODUCT(D9:I9,$D$2:$I$2). 

We now can identify the three parts of our product mix Solver model. 

 Target cell - Our goal is to maximize profit (computed in cell D12).  

 Changing cells - The number of pounds produced of each product (listed in the cell 

range D2:I2).  

 Constraints - We have the following constraints:  
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o Do not use more labor and raw material than are available. That is, the values in 

cells D14:D15 (resources used) must be less than or equal to the values in cells 

F14:F15 (the available resources) 

o Do not produce more of a drug than is in demand. That is, the values in the cells 

D2:I2 (pounds produced of each drug) must be less than or equal to the demand 

for each drug (listed in cells D8:I8). 

o We can‘t produce a negative amount of any drug 

Let‘s see how to input the target cell, changing cells, and constraints into Solver. Then, 

all we need to do is click the Solve button and Solver will find a profit-maximizing product 

mix! 

To begin, select Tools, Solver. The Solver Parameters dialog box will appear, as shown 

in Figure 3-2. 

 

Figure 3-2.  The Solver Parameters dialog box. 

 

 

Figure 3-3.  The Solver Parameters dialog box with the target cell and changing cells defined. 

To input the target cell, click in the Set Target Cell box and then select our profit cell 

(cell D12). To input our changing cells, click in the By Changing Cells box and then point to 

the range D2:I2, which contains the pounds, produced of each drug. The dialog box should 

now look Figure 3-3. 
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We‘re now ready to add constraints to the model. Click the Add button. You‘ll see the 

Add Constraint dialog box, shown in Figure 3-4. 

 

Figure 3-4.  The Add Constraint dialog box. 

 

To add the resource usage constraints, click in the box labeled Cell Reference and then 

select the range D14:D15. Select <= from the drop-down list in the middle of the dialog box. 

Click in the box labeled Constraint, and then select the cell range F14:F15. The Add 

Constraint dialog box should now look like Figure 3-5. 

 

Figure 3-5.  The Add Constraint dialog box with the resource usage constraints entered. 

 

We have now ensured that when Solver tries different values for the changing cells, 

Solver will consider only combinations that satisfy both D14<=F14 (labor used is less than or 

equal to labor available) and D15<=F15 (raw material used is less than or equal to raw 

material available). Now click Add in the Add Constraint dialog box to enter the demand 

constraints. Simply fill in the Add Constraint dialog box as shown in Figure 3-6. 

 

Figure 3-6.  The Add Constraint dialog box with the demand constraints entered. 

 

Adding these constraints ensures that when Solver tries different combinations for the 

changing cell values, Solver will consider only combinations that satisfy the following:  
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 D2<=D8  (the amount of drug 1 made is less than or equal to the demand for drug 1) 

 E2<=E8  (the amount of drug 2 made is less than or equal to the demand for drug 2) 

 F2<=F8  (the amount of drug 3 made is less than or equal to the demand for drug 3) 

 G2<=G8  (the amount of drug 4 made is less than or equal to the demand for drug 4) 

 H2<=H8 (the amount of drug 5 made is less than or equal to the demand for drug 5) 

 I2<=I8 (the amount of drug 6 made is less than or equal to the demand for drug 6) 

 

Click OK in the Add Constraint dialog box. The Solver window should look like 

Figure 3-7. 

 

Figure 3-7.  The final Solver window for the product mix problem. 

We enter the constraint that all changing cells be nonnegative in the Solver Options 

dialog box. Click the Options button in the Solver Parameters dialog box. Select the options 

Assume Linear Model and Assume Non-Negative, as shown in Figure 3-8. Click OK. 

 

Figure 3-8.  Solver options settings. 
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Selecting the Assume Non-Negative option ensures that Solver considers only 

combinations of changing cells in which each changing cell assumes a nonnegative value. We 

selected Assume Linear Model because the product mix problem is a special type of Solver 

problem called a linear model. Essentially, a Solver model is linear under the following 

conditions: 

 The target cell is computed by adding together terms of the form (changing 

cell)*(constant). 

 Each constraint satisfies the ―linear model requirement.‖ This means that each 

constraint is evaluated by adding together terms of the form (changing 

cell)*(constant) and comparing such sums to a constant. 

Why is this Solver problem linear? Our target cell (profit) is computed as (Drug  1  profit  

per  pound) * (Drug  1  pounds  produced)  +  (Drug  2  profit  per  pound) * (Drug  2  

pounds  produced)  +  …(Drug  6  profit  per  pound) * (Drug  6  pounds  produced) 

This computation follows a pattern in which the target cell‘s value is derived by adding 

together terms of the form (changing cell) * (constant). 

Our labor constraint is evaluated by comparing the value derived from (Labor used per 

pound of drug 1) * (Drug 1 pounds produced) + (Labor used per pound of drug 2) * (Drug 2 

pounds produced) + … (Labor used per pound of drug 6) * (Drug 6 pounds produced) to the 

labor available. 

Therefore, the labor constraint is evaluated by adding together terms of the form 

(changing cell) * (constant) and comparing such sums to a constant. Both the labor constraint 

and the raw material constraint satisfy the linear model requirement. 

Our demand constraints take the form  

(Drug  1  produced)<=(Drug  1  Demand)  

(Drug  2  produced)<=(Drug  2  Demand)  

: 

(Drug  6  produced)<=(Drug  6  Demand) 

 

Each demand constraint also satisfies the linear model requirement because each is 

evaluated by adding together terms of the form (changing cell) * (constant) and comparing 

such sums to a constant. 

Having shown that our product mix model is a linear model, why should we care? 

 If a Solver model is linear and we select Assume Linear Model, Solver is guaranteed 

to find the optimal solution to the Solver model. If a Solver model is not linear, 

Solver may or may not find the optimal solution.  

 If a Solver model is linear and we select Assume Linear Model, Solver uses a very 

efficient algorithm (the simplex method) to find the model‘s optimal solution. If a 

Solver model is linear and we do not select Assume Linear Model, Solver uses a very 

inefficient algorithm (the GRG2 method) and might have difficulty finding the 

model‘s optimal solution. 
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After clicking OK in the Solver Options dialog box, we‘re returned to the main Solver 

dialog box, shown earlier in Figure 3-7. When we click Solve, Solver calculates an optimal 

solution (if one exists) for our product mix model. An optimal solution to the product mix 

model would be a set of changing cell values (pounds produced of each drug) that maximizes 

profit over the set of all feasible solutions. Again, a feasible solution is a set of changing cell 

values satisfying all constraints. The changing cell values shown in Figure 3-9 are a feasible 

solution because all production levels are nonnegative, no production levels exceed demand, 

and resource usage does not exceed available resources. 

 

Figure 3-9.  A feasible solution to the product mix problem fits within constraints. 

The changing cell values shown in Figure 3-10 represent an infeasible solution for the 

following reasons:  

 We produce more of drug 5 than is demanded.  

 We use more labor than labor available.  

 We use more raw material than raw material available 
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Figure 3-10.  An infeasible solution to the product mix problem doesn‘t fit within the constraints we 

defined. 

After clicking Solve, Solver quickly finds the optimal solution shown in Figure 3-11. 

You need to select Keep Solver Solution to preserve the optimal solution values in the 

spreadsheet. 

 

Figure 3-11.  The optimal solution to the product mix problem. 

 

Our drug company can maximize its monthly profit at a level of $6,625.20 by producing 

596.67 pounds of drug 4, 1084 pounds of drug 5, and none of the other drugs! We can‘t 

determine if we can achieve the maximum profit of $6,625.20 in other ways. All we can be 

sure of is that with our limited resources and demand, there is no way to make more than 

$6,625.20 this month. 
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Does a Solver model always have a solution? 

Suppose that demand for each product must be met. We then have to change our demand 

constraints from D2:I2<=D8:I8 to D2:I2>=D8:I8. To do this, open Solver, select the 

D2:I2<=D8:I8 constraint, and then click Change. The Change Constraint dialog box, shown 

in Figure 3-12, appears. 

 

Figure 3-12.  The Change Constraint dialog box. 

Select >=, and then click OK. We‘ve now ensured that Solver will consider only 

changing cell values that meet all demands. When you click Solve, you‘ll see the message 

―Solver could not find a feasible solution.‖ This message means that with our limited 

resources, we can‘t meet demand for all products. We have not made a mistake in our model! 

Solver is simply telling us that if we want to meet demand for each product, we need to add 

more labor, more raw materials, or more of both. 

 

Data Analyses and Business Modeling, Wayne L. Winston, H.B. Fenn and Company Ltd 2004, 

Chapter 25, pp. 197-208  
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2.  LINEAR PROGRAMMING – SCHEDULING 
 

 

 

This method efficiently schedules workforce to meet labor demands 

Many  organizations (banks, restaurants, postal  services) know  what  their labor  

requirements will  be at different  times  and  need  a method  to efficiently schedule their  

workforce to meet  their  labor  requirements. Excel Solver can be used to easily address a 

problem such as this. Here‘s an example. 

How can I efficiently schedule my workforce to meet labor demands? Bank 24 processes 

checks 7 days a week. The number of workers needed each day to process checks is given in 

row 14 of the file Bank24.xls, which is shown in Figure 4-1. For example, 13 workers are 

needed on Tuesday, 15 workers are needed on Wednesday, and so on. All bank employees 

work five consecutive days.  What is the minimum number of employees Bank 24 can have 

and still meet its labor requirements? 

 

Figure 4-1.  The data we‘ll use to work through the bank workforce scheduling problem. 

 

We begin by identifying the target cell, changing cells, and constraints for our Solver 

model. 

 Target cell - Minimize total number of employees. 

 Changing cells - Number of employees who start work (the first of five consecutive 

days) each day of the week. Each changing cell must be a nonnegative integer. 

 Constraints - For each day of the week, the number of employees who  are  working 

must  be  greater  than  or equal to the number of employees required. (Number  of 

employees working)>=(Needed employees.) 

To set up our model, we need to track the number of employees working each day.  Let 

us begin by entering trial values for the number of employees who start their five-day shift 

each day in the cell range A5:A11. For example, in A5, Let us enter 1, indicating that 1 
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employee begins work on Monday and works Monday through Friday. I entered each day‘s 

required workers in the range C14:I14. 

To track the number of employees working each day, I entered in each cell in the range 

C5:I11 a 1 or a 0. The value 1 in a cell indicates that the employees who started working on 

the day designated in the cell‘s row are working on the day associated with the cell‘s column. 

For example, the 1 in cell G5 indicates that employees who started working on Monday are 

working on Friday; the 0 in cell H5 indicates that the employees who started working on 

Monday are not working on Saturday. 

By copying from C12 to D12:I12 the formulaSUMPRODUCT($A$5:$A$11, C5:C11), I 

compute the number of employees working each day. For example, in cell C12 this formula 

evaluates to A5+A8+A9+A10+A11, which equals (Number starting on Monday) + (Number 

starting on Thursday) + (Number starting on Friday) + (Number starting on Saturday) + 

(Number starting on Sunday). This total is indeed the number of people working on Monday. 

After computing the total number of employees in cell A3 with  the formula 

SUM(A5:A11), I can enter  our model  in Solver  as shown  in Figure  4-2. 

 

Figure 4-2.   The Solver Parameters dialog box filled in to solve the bank workforce problem. 

 

In the target cell (A3), we want to minimize the number of total employees. The 

constraint C12:I12>=C14:I14 ensures that the number of employees working each day is at 

least as large as the number needed each day. The constraint A5:A11 = integer ensures that 

the number of employees beginning work each day is an integer. To add this constraint, I 

clicked Add in the Solver Parameters dialog box and filled in the Add Constraint dialog box 

as shown in Figure 4-3. 

 

Figure 4-3.   This constraint defines as an integer the number of workers who start each day. 
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I also selected the options Assume Linear Model and Assume Non-Negative for the 

changing cells by clicking Options in the Solver Parameters dialog box and then checking 

these options in the Solver Options dialog box.  After clicking Solve, we find the optimal 

solution that‘s shown earlier in Figure  4-1. 

A total of 20 employees are needed. One employee starts on Monday, 3 start on Tuesday, 

0 start on Wednesday, 4 start on Thursday, 1 starts on Friday,2 starts on Saturday, and 9 starts 

on Sunday. 

Note that this model is linear because the target cell is created by adding together 

changing cells and the constraint is created by comparing the result obtained by adding 

together the product of each changing cell times a constant (either 1 or 0) to the required 

number of workers. 

 

Data Analyses and Business Modeling, Wayne L. Winston, H.B. Fenn and Company Ltd 2004, 

Chapter 27, pp. 215-220 
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3.  LINEAR PROGRAMMING – TRANSPORTATION 
 

 

This method determines the locations at which products shouldbe manufactured and from 

which they should be shipped to customers. 

Many companies manufacture products at locations (often called supply points) and ship 

their products to customers (often called demand points). A natural question is what is the 

least expensive way to produce and ship products to customers and meet customer demand? 

This type of problem is called a transportation problem. A transportation problem can be set 

up as a linear Solver model with the following specifications: 

 Target cell - Minimize total production and shipping cost. 

 Changing cells - The amount produced at each supply point that is shipped to each 

demand point. 

 Constraints - The amount shipped from each supply point can‘t exceed plant 

capacity. Each demand point must receive its required demand. Also, each changing 

cell must be nonnegative. 

 

How can a drug company determine the locations at which they should produce 

drugs and from which they should ship drugs to customers? 

 

You can follow along with this problem by looking at the file Transport.xls. Let‘s 

suppose a drug company produces a drug in Los Angeles, Atlanta, and New York. The Los 

Angeles plant can produce up to 10,000 pounds of the drug per month.  Atlanta can produce 

up to 12,000 pounds of the drug per month, and New York can produce up to 14,000 pounds 

per month. Each month, the company must ship to the four regions of the United States—

East, Midwest, South, and West—the number of pounds listed in cells B2:E2, as shown in 

Figure 5-1. For example, the West region must receive at least 13,000 pounds of the drug 

each month. The cost per pound of producing a drug at each plant and shipping the drug to 

each region of the country are given in cells B4:E6. For example, it costs $3.50 to produce a 

pound of the drug in Los Angeles and ship it to the Midwest region. What is the cheapest way 

to get each region the quantity of the drug they  need? 

To express our target cell, we need to track total shipping cost. After entering in the cell 

range B10:E12 trial values for our shipments from each supply point to each region, we can 

compute total shipping cost as the following: 

(Amount sent from LA to East)* (Cost per pound of  sending  drug from LA  to  East) + 

(Amount  sent  from LA  to  Midwest)*(Cost per  pound of  sending  drug from  LA to 

Midwest) +  (Amount  sent from  LA to  South)*(Cost per  pound of  sending drug from LA to 

South) +  (Amount  sent from  LA to West)*(Cost  per  pound of  sending drug from LA to  

West) +  ... + (Amount sent  from New  York City to  West)*(Cost  per  pound of  sending  

drug from New  York  City to  West) 
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Figure 5-1.   Data for a transportation problem that we‘ll set up to be resolved by Solver. 

 

The SUMPRODUCT function can multiply corresponding elements in two separate 

rectangles (as long as the rectangles are the size) and add together the products. I‘ve named 

the cell range B4:E6 as costs and the changing-cells range (B10:E12) as shipped. Therefore, 

our total shipping and production cost is computed in cell B18 with the formula 

SUMPRODUCT(costs, shipped). 

To express our constraints, we first compute the total shipped from each supply point.  

By entering the formula SUM (B10:E10) in cell F10, we compute the total number of pounds 

shipped from Los Angeles as (LA shipped to East) + (LA shipped to Midwest) + (LA shipped 

to South) + (LA shipped to West). Copying this formula to F11:F12 computes the total 

shipped from Atlanta and New York City. Later I‘ll add constraints (called supply 

constraints) that ensure the amount shipped from each location does not exceed the plant‘s 

capacity. 

Next I compute the total received by each demand point. I begin by entering in cell B13 

the formula SUM(B10:B12). This formula computes the total number of pounds received in 

the East as (Pounds shipped from LA to East) + (Pounds shipped from Atlanta to East) + 

(Pounds shipped from New York City to East).  By copying this formula from B13 to 

C13:E13, I compute the pounds of the drug received by the Midwest, South, and West 

regions. Later, I‘ll add constraints (called demand constraints) that ensure that each region 

receives the amount of the drug it requires. 

We now open the Solver Parameters dialog box (click Tools, Solver) and fill it in as 

shown  in Figure  5-2. 
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Figure 5-2.   The Solver set up to answer our transportation example. 

 

We want to minimize total shipping cost (computed in cell B18).  Our changing cells are 

the number of pounds shipped from each plant to each region of the country. (These amounts 

are listed in the range named shipped, consisting of cells B10:E12.) The constraint 

F10:F12<=H10:H12 (the supply constraint) ensures that the amount sent from each plant 

does not exceed itscapacity. The constraint B13:E13>=B15:E15 (the demand constraint) 

ensures that each region receives at least the amount of the drug  it needs. 

Our model is a linear Solver model because our target cell is created by adding together 

terms of the form (changing cell)*(constant) and both our supply and demand constraints are 

created by comparing the sum of changing cells to a constant. 

I now click Options in the Solver Parameters dialog box and check the Assume Linear 

Model and Assume Non-Negative options. After clicking Solve in the Solver Parameters 

dialog box, we‘re presented with the optimal solution shown earlier in Figure 5-1. The 

minimum cost of meeting customer demand is $86,800.  This minimum cost can be achieved 

if the company uses the following production and shipping schedule: 

 Ship 10,000 pounds from Los Angeles to the West region. 

 Ship 3000 pounds from Atlanta to the West region and from Atlanta to the Midwest 

region. Ship 6000 pounds from Atlanta to the South region. 

 Ship 9000 pounds from New York City to the East region and 3000 pounds from 

New York City to the Midwest region. 

 

Data Analyses and Business Modeling, Wayne L. Winston, H.B. Fenn and Company Ltd 2004, 

Chapter 26, pp. 209-214 
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4.  SIMULATION MODELS 
 

Monte-Carlo simulations 
 

Monte Carlo simulation is a method of analyzing the data in the cases when it is too 

complicated for conventional analytic method. Monte Carlo simulation allows us to do 

various complex calculations for example pricing exotic options or calculating risk associated 

with market fluctuations. At the core of Monte Carlo method is the idea of randomness. In 

order to carry out Monte Carlo simulation we need an efficient method for generating random 

numbers, thus we should use computers for it (doing Monte Carlo simulation without one is 

almost impossible!). Below will be given the examples of various random variables and 

methods of generating them. 

 

 

Uniform random variable 
 

Uniform random variable is the simplest type of random variable, in fact all other random 

variables are derived using uniform variables. Uniform random numbers have uniform 

distribution which assigns equal probabilities to each number on the given interval. 

 

 

Figure 7-1. 

Figure 7-1 shows the uniform distribution on interval [0,1]. As one can see from the 

graph this distribution gives equal probabilities to numbers in interval [0,1], for example 

probability that the random number will be in the interval [0.2,0.4] is the same as probability 

that number will be in  interval [0.8,1] ( and is equal to 20%) 

We can generate uniform random variables in excel using formula ―=rand()‖  
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This formula give random variable in the interval [0,1]. But what if we need random 

variable in the interval [a,b]? in this case we can use simple formula: 

𝑟𝑎𝑛𝑑 𝑎, 𝑏 = 𝑎 +  𝑏 − 𝑎 ∗ 𝑟𝑎𝑛𝑑 0,1                                                       (1) 

For example if we need interval [5, 24]: 

 

 The resulting random variable is uniformly distributed on [5,24]. 

There is another formula in excel that gives uniform random variable in the interval [a,b], 

this is ―=randbetween(a,b)‖ however this formula gives only integer random variables for 

example it returns 5,7,12 but not 5.42 or 7.19, thus if continuous uniform random variable is 

necessary (1) formula should be used. 
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Normal random variable 
 

Another widely used random variable is normal random variable. This kind of random 

numbers have normal distribution with given (miu) and  (sigma), where  indicates the 

center of the distribution, its mean, and  is the spread around the mean. for example normal 

distribution wit  =1 and =3 is given below: 

 

Figure 7-2. 

 

Normal distribution (in contrast to uniform distribution) assigns larger probabilities to the 

values in the center, thus average values are most likely to occur. 

Normal random variables can be generated using excel formula ―=norminv( rand() , m , 

s)‖ where rand is uniform random variable and m,s are miu and sigma of the distribution. 
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Microsoft Excel Data Analysis and Business Modeling, W.Winston, ch. 56 

 

 

 

Simulating distributions given in tables 
 

Suppose we have a distribution in the table form: 

x probability 

4 0.1 

5 0.2 

6 0.3 

7 0.25 

8 0.15 
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Figure 7-3. 

 

To sample from this distribution we can use excels ―lookup” function. Before we use this 

function we need to calculate the cumulative distribution. Cumulative distribution is just the 

sum of all previous probabilities (up to given x). 
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Second step is to shift down cumulative probabilities by one step (this is required for 

excel formula) 

 
 

In the first cell (instead of 0.1) we write 0 and delete the final cumulative probability 

which is always 1.  

 

Next we generate uniform random numbers with ―rand()”  function and simulate the 

distribution with ―lookup‖ function. 
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Microsoft Excel Data Analysis and Business Modeling, W.Winstonch. 58 
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5.  FORECASTING MODELS 
 

 

Forecasting 
 

The purpose of this chapter is to introduce forecasting models. Forecasting is the process 

of estimating future values of some variable using historical data.  

 

 

One factor linear regression 
 

Linear regression is the simplest tool for forecasting the data. One factor linear regression 

tries to find the linear relationship between two variables. The formula for one factor linear 

regression is: 

𝑦 = 𝑎𝑥 + 𝑏                                                                              (1) 

𝑎 is the slope coefficient and 𝑏 is the intercept with 𝑦 axis.  For example we have the 

following data: 

x y 

3.05 3.17 

3.24 4.61 

3.54 3.53 

3.75 3.44 

3.91 3.92 

4.05 4.98 

4.55 4.86 

4.71 4.65 

4.91 5.02 

5.68 5.34 

5.7 5.54 

5.73 5.99 

5.9 5.9 

6.37 6.61 
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Figure 8-1. 

 

We would like to perform linear regression analysis on this data. in order to do this we 

must ―fit‖ our model to the data. 

In order to fit the model we use following formulas: 

𝑎 =
𝑐𝑜𝑣 𝑥, 𝑦 

𝑣𝑎𝑟 𝑥 
 

𝑏 = 𝑦 − 𝑎𝑥  

𝑐𝑜𝑣(𝑥, 𝑦) is the covariance between 𝑥and 𝑦, 𝑣𝑎𝑟 𝑥  is the variance of 𝑥 and 𝑦 , 𝑥  are average 

of 𝑦and average of 𝑥. 

Using above formulas for our example we get: 

𝑎 =
𝑐𝑜𝑣 𝑥, 𝑦 

𝑣𝑎𝑟 𝑥 
=

0.9429

1.1021
= 0.8556 

And  

𝑏 = 𝑦 − 𝑎𝑥 = 4.8257 − 0.8556 ∗ 4.6492 = 0.8477 

 

Or 

𝑦 = 0.8556 ∗ 𝑥 + 0.8477 

Using this result we can forecast future values of 𝑦 based on future values of 𝑥, for 

example if 𝑥 = 7 than 𝑦 = 0.8556 ∗ 𝑥 + 0.8477 = 0.8556 ∗ 7 + 0.8477 = 6.84 
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Figure 8-2. 

 

Statics for Business and Economics, Sixth Edition,P. Newbold, W.Carlson B.Thorne ch. 12 

 

Multifactor linear regression 
 

In this section we will introduce multifactor linear regression. Multifactor linear 

regression can incorporate more than one variable in order to forecast 𝑦. The model for 

multifactor linear regression is: 

𝑦 = 𝑎1𝑥1 + 𝑎2𝑥2 + ⋯ + 𝑎𝑛𝑥𝑛 + 𝑏 

Or   

𝑦 =  𝑎𝑖𝑥𝑖  

𝑛

𝑖=1

+ 𝑏 

 

For example consider the case of 2 factor linear regression  

X1 X2 Y 

4.38 3.88 3.53 

4.35 4.45 4.6 

5.58 5.03 5.66 

3.23 3.24 3.45 

4.8 5.19 5.3 

5.16 4.82 4.5 

6.14 6.61 6.96 
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5.92 5.42 5.49 

5.2 5.68 5.6 

4.65 5.19 5 

6.6 6.95 6.67 

4.82 4.61 4.61 

3.21 2.8 3.29 

7.28 7.75 8.01 

3.72 4.21 4.52 

5.86 5.81 5.8 

6.04 5.4 5.54 

4.21 3.98 4.15 

5.85 5.95 5.8 

5.11 5.05 4.89 

 
Figure 8-3. 

In this case the points are in 3 dimensional space and the regression is no longer a line in 

space but a plane. 
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Figure 8-4 

The equation of the plane on Figure 8-4 is: 

𝑦 = 𝑎1 𝑥1 + 𝑎2𝑥2 + 𝑏 = 0.0041𝑥1 + 0.959𝑥2 + 0.254 

In order to get the above coefficients we can use Excels Data analysis package. 

 

 

 

In the data analysis window we choose ―Regression‖ 
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in the regression window we select the appropriate data columns and press ok 

 

 
 

 

The result is: 
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The coefficients are given in ―Coefficients‖ column 

 

 
 

 

R square 

In order to estimate how good out model explains the relationship amongst X and Y we 

use R square. 

R Square is the number between 0 and 1, where 0 means that there is no linear 

relationship amongst variables and 1 means that there is exact linear relationship. If R square 

is 0.7 this means that our model explains 70% of relationship or X explains 70% of Y 

dynamics. R square is given in the output of excels Data analysis. 

 

 
 

Statics for Business and Economics, Sixth Edition,P. Newbold, W.Carlson B.Thorne ch. 13 

 

 

Moving average 

Moving averages are simple yet useful tools for time series analysis. The main use of 

moving average is to remove the noise from the observations and highlight the trends and 

seasonality in the data. moving average simply averages previous n steps of time series thus it 

smoothest the data , greater the n the greater is the smoothing ( however too large n s might 

distort the picture). The formula for moving average is: 

𝑦𝑖 =
𝑦𝑖−1 + 𝑦𝑖−2 + 𝑦𝑖−3 + ⋯ + 𝑦𝑖−𝑛

𝑛
 

 

Consider example: 
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t y 

1 1.198387 

1.5 0.459472 

2 0.449052 

2.5 -0.22116 

3 -0.38461 

3.5 0.03812 

4 0.67639 

4.5 0.846752 

5 1.98064 

5.5 2.589429 

6 2.863289 

6.5 3.248304 

7 2.596059 

7.5 2.004892 

8 2.436832 

8.5 1.295733 

9 1.131351 

9.5 1.766287 

10 1.482776 

 

 

Below is the scatter plot of the data. 

 

Figure 8-5. 
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After applying the moving average with n = 3 we see the following picture 

 

t y Moving average 

1 1.198387 

 1.5 0.459472 

 2 0.449052 

 2.5 -0.22116 0.702304 

3 -0.38461 0.229122 

3.5 0.03812 -0.05224 

4 0.67639 -0.18921 

4.5 0.846752 0.109968 

5 1.98064 0.520421 

5.5 2.589429 1.167927 

6 2.863289 1.805607 

6.5 3.248304 2.477786 

7 2.596059 2.90034 

7.5 2.004892 2.902551 

8 2.436832 2.616418 

8.5 1.295733 2.345928 

9 1.131351 1.912485 

9.5 1.766287 1.621305 

10 1.482776 1.39779 

 

 

 

Figure 8-6. 
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From this chart we see that there is a downward trend . MA column was calculated as 

follows: 

 
Thus we just let average with n values  slide down by one step. 

 

Statics for Business and Economics, Sixth Edition,P. Newbold, W.Carlson B.Thorne ch. 19.4 
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6.  STRICTLY DETERMINED GAMES & MIXED 

STRATEGY GAMES 
 

 

Game theory is relatively new branch of mathematics designed to help people in 

conflicting situations determine the best course of action out of several possible choices. 

Consider two stores that sell HDTV‘s store R and store C. Each is trying to decide how to 

price a particular model. A market research firm supplies the following information. 

 

Store C 

   $499 $549 

Store R 
$499 
$549 

 
55% 70%
40% 66%

     (1) 

 

The matrix entries indicate the percentage of the business that store R will receive. That 

is , if both stores price their HDTV as $499, store R will receive 55% of all the business (store 

C will lose 55% and will get 45%.). if store R choses a price of $499 an store C choses the 

price of $549 , the store R will receive 70% of the business and store c will receive 30% of 

the business, and so on. Each store can choose its own price but cannot control the price of 

other. The object is for each store to determine a price that will ensure the maximum possible 

business in this competitive situation. 

This marketing competition may be viewed as a game between store R and store C. A 

single play of this game requires store R to choose a row1 or row 2 in matrix (1) and 

simultaneously requires store c to choose column 1 or column2. It is common to designate the 

person choosing the row by R, for row player and C for column player. Each entry in matrix 

(1) is called the payoff for particular pair of moves by R and C. matrix (1) is called a game 

matrix or a payoff matrix. This game is two-person zero sum-game  because there are only 

two players and one player‘s win is the others player‘s loss. 

 

 

Strictly determined games 

Actually, any m x n matrix may be considered a two-person zeros-sum matrix game. For 

example the 3x4 matrix: 

 
0 6 −2 −4
5 2 1 3
−8 −1 0 20

                                                                  (2) 

May be viewed as a matrix game where R has three moves and C has four moves. If R 

plays row 2 and C plays column 4 then R wins 3 units. If R plays row 3 and C plays column 

1, then R ―wins‖ – 8 units; that is, C wins 8 units. How should R and C play in matrix game 

(2)? 
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In order to answer this question we state a fundamental principle of game theory 

Fundamental principle of game theory 

1) A matrix game is played repeatedly. 

2) Player R tries to maximize winnings. 

3) Player C tries to minimize loses. 

 

Thus Player R chooses row with the largest minimum payoff, while C chooses the 

column with smallest of the maximum payoff. In example (2) R chooses row 1 because it has 

the largest minimum value 1: 

 
0 6 −2 −4
5 2 1 3
−8 −1 0 20

  

While C chooses column 3 because it has the smallest maximum value 1 

 
0 6 −2 −4
5 2 1 3
−8 −1 0 20

  

Combining these two matrices: 

 
0 6 −2 −4
5 2 1 3
−8 −1 0 20

  

Thus choosing row 2 for R and column 3 for C is the optimal strategy for both and the 

payoff is 1. The optimal value is also called the saddle value. 

Thus the procedure for locating the saddle value is: 

Locating Saddle Value 

1)     circle thee minimum value in each row (it may occur in more than one place) 

2)      place square around the maximum value in each column (it may occur in more than one 

place) 

3)     any entry with both circle and square around is a saddle value. 

If there are multiple saddle values, than they are equal. For example if the matrix has 

saddle values x and y, it can be shown that x = y. 

Matrix game with a saddle value is called Strictly determined matrix game. It can happen 

that matrix has no saddle value in this case it is called the nonstrictly determined matrix 

game. 

 

Finite Mathematics for Business, Economics, Life Sciences and Social Sciences  

(international edition) R. Barret, M.Zieger, K. Byleen,. ch. 10-1 
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Mixed-Strategy games 

in this chapter we are going to consider at nonstrictly determined games and  methods of 

choosing optimal strategy. 

For example we have the following matrix: 

 
2 −3
−3 4

  

In this case there is no saddle point. What strategy should players choose? the answer is 

that player should play in some sort of mixed pattern. The best way to choose the mixed 

pattern is to choose randomly acording to some distribution.for example R might choose 1 

row with probability 0.25 and row 2 with probability 0.75. 

 

Strategies for R anc C 

given the game matrix: 

𝑀 =  
𝑎 𝑏
𝑐 𝑑

  

R’s strategy is a probability row matrix : 

P= 𝑝1 𝑝2   where 𝑝1, 𝑝2 > 0  and 𝑝1 + 𝑝2 = 1 

 

C’s strategy is a probability column  matrix : 

Q= 
𝑞1

𝑞2
    where 𝑞1, 𝑞2 > 0  and 𝑞1 + 𝑞2 = 1 

 

In this case there is no saddle value, instead one uses Expected Value of a Game. 

Expected value of the game is denoted as E(P,Q) and is calculated as: 

𝐸 𝑃, 𝑄 = 𝑃𝑀𝑄 
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7.  LINEAR PROGRAMMING - GAMES 
 

 

Solution for 2x2 matrix game 

Now we turn to the qestion of calculating optimal P and Q for the case of 2x2 matrix 

game. We wil consider general case  of  m x n matrix game in the next chapter where we will 

use linear programing to finde P and Q. in the case of simple 2x2 matrix the solution is: 

 

Solution for 2x2 game matrix 

 

for nonstrictly determined matrix  

𝑀 =  
𝑎 𝑏
𝑐 𝑑

  

the optimal solution is: 

𝑃∗ =  𝑝1
∗ 𝑝2

∗ =  
𝑑 − 𝑐

𝐷

𝑎 − 𝑏

𝐷
  

𝑄∗ =  
𝑞1
∗

𝑞2
∗ =  

𝑑 − 𝑏

𝐷
𝑎 − 𝑐

𝐷

  

 

𝐸 𝑃∗,𝑄∗ =
𝑎𝑑 − 𝑏𝑐

𝐷
 

where 

𝐷 = 𝑎 + 𝑑 − 𝑏 − 𝑐 

 

 

Finite Mathematics for Business, Economics, Life Sciences and Social Sciences  

(international edition) R. Barret, M.Zieger, K. Byleen,. ch. 10-2 

 

 

Solution of m x n matrix game using linear programing 

In this chapter we are going to consider general (m x n) matrix game case and method for 

finding optimal strategies.  

 

General matrix game 

M is (m x n) nonstrictly determined matrix: 

𝑀 =  

𝑟11 𝑟12 … 𝑟1𝑛

𝑟21 𝑟22 … 𝑟2𝑛

… … … …
𝑟𝑚1 𝑟𝑚2 … 𝑟𝑚𝑛
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find  

𝑃∗ =  𝑝1
∗ 𝑝2

∗ … 𝑝𝑚
∗   

And 

𝑄∗ =  

𝑞1
∗

𝑞2
∗

…
𝑞𝑛
∗

  

Step 1) if at least one element in M is less or equal 0 (𝑟𝑖𝑗 ≤ 0) than add some positive 

constant k ( for example | min(M) | + 1) to each elemnet of M. 

𝑀1 =  

𝑟11 + 𝑘 𝑟12 + 𝑘 … 𝑟1𝑛 + 𝑘
𝑟21 + 𝑘 𝑟22 + 𝑘 … 𝑟2𝑛 + 𝑘

… … … …
𝑟𝑚1 + 𝑘 𝑟𝑚2 + 𝑘 … 𝑟𝑚𝑛 + 𝑘

 =  

𝑎11 𝑎12 … 𝑎1𝑛

𝑎21 𝑎22 … 𝑎2𝑛

… … … …
𝑎𝑚1 𝑎𝑚2 … 𝑎𝑚𝑛

  

 

Step 2)  solve these linear programing problems: 

(A) Minimize 𝑦 = 𝑥1 + 𝑥2 + ⋯ + 𝑥𝑚  

Subject to :  

𝑀1
𝑇𝑥 ≥ 1   where 𝑥 =  

𝑥1 

𝑥2 

…
𝑥𝑚  

  

𝑥1 , 𝑥𝑛  , …𝑥𝑚  ≥ 0 

 

(B) Maximize y =  z1 + z2 + ⋯ + zn  

Subject to :       

𝑀1𝑧 ≤ 1   where 𝑧 =  

𝑧1 

𝑧2 

…
𝑧𝑛  

  

 𝑧1 , 𝑧𝑛 , …𝑧𝑛 ≥ 0 

 

Step 3) 𝐸1 𝑃
∗, 𝑄∗ =   

1

𝑦
  note : 𝑦 = 𝑥1 + 𝑥2 + ⋯ + 𝑥𝑚  = 𝑧1 + 𝑧2 + ⋯ + 𝑧𝑛   

𝑃∗ = 𝐸1 𝑃
∗, 𝑄∗ ∗ 𝑥𝑇 𝑄∗ = 𝐸1 𝑃

∗,𝑄∗ ∗ 𝑧𝑇 

And 

𝐸 𝑃∗,𝑄∗ = 𝐸1 𝑃
∗, 𝑄∗ − 𝑘 

 

Excel example 

Consired the folowing matrix game: 
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𝑀 =  
1 −1 6
−1 2 −3

  

Finde  𝑃∗,   𝑄∗ and  𝐸 𝑃∗, 𝑄∗  

Step 1)the smallest element of M is -3 thus we choose k = 4 and: 

𝑀1 =  
5 3 10
3 6 1

  

 

Step 2)we have to solve these linear programming problems: 

(A) Minimize 𝑦 = 𝑥1 + 𝑥2  

 

Subject to :  

 

 
5 5
3 6

10 1
  

𝑥1 

𝑥2 
 ≥ 1 or                

 

𝑥1 , 𝑥𝑛  , …𝑥𝑚  ≥ 0 

 

(B) Maximize y = z1 + z2 + z3  

 

Subject to :  

 

 
5 3 10
3 6 1

  

𝑧1 

𝑧2 

𝑧13

 ≥ 1        or           

 

𝑧1 , 𝑧𝑛  , …𝑧𝑛  ≥ 0 

 

 

In order to solve, we write this problem in excel spreadsheet. Range D11:E11 is   x vector 

(note that in this case it is a row vector not column vector, thus we must transpose it where 

necessary) before we start optimization we must write down some trial valuse for x,  in this 

case we simply wrote 1, however any random number would work , D13 is the objective 

functio y ( which is minimized in this case), it is simply the sum of x vector. Range C15:C17 

is the constarint matrix,the formula for constarint matrix is 

MMULT(TRANSPOSE(H4:J5),TRANSPOSE(D11:E11)), where MMULT is matrix 

multiplication. 

 

5𝑥1 + 3𝑥2   ≥ 1 

3𝑥1 + 6𝑥2   ≥ 1 

10𝑥1 + 𝑥2   ≥ 1 

5𝑧1 + 3𝑧2 + 10𝑧3 ≤ 1 

3𝑧1 + 6𝑧2 + 𝑧3  ≤ 1 
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after prepearing the worksheet we start the solver and pass the follofing parameters: 
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Objective cell is D13 (y), the variable cells are D11:E11 (x vector) and we add constraint 

that every element of range C15:C17 should be greater than 1, finally we chose the 

minimization and click ―Solve‖. 

We do the same calculation for the second problem the only difference is that every 

element of constraint matrix should be less than 1 and we want to maximize y not minimize. 

 

The result of calculations is: 

 
 

x = [0.1428,   0.0952]    z = [0.1428,   0.0952,   0]  and  y = 0.2381. thus 𝐸1 𝑃
∗,𝑄∗ =   

1

𝑦
=

1

0.2381
 = 4.2. 

 

finally using above given formulas : 

𝑃∗ = 𝐸1 𝑃
∗, 𝑄∗ ∗ 𝑥𝑇 =  0.6  , 0.4  (note that in this case x is already transposed) 

𝑄∗ = 𝐸1 𝑃
∗,𝑄∗ ∗ 𝑧𝑇= 0.6, 0.4, 0  (note that in this case z is already transposed) 

 

Finite Mathematics for Business, Economics, Life Sciences and Social Sciences  

(international edition) R. Barret, M.Zieger, K. Byleen,. ch. 10-4 
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8.  BASIC FINANCIAL CALCULATIONS 
 

 

Introduction 
 

We aims to give you some finance basics and their Excel implementation. If you have 

had a good introductory course in finance, most of the topics will probably be superfluous. 

This problem covers the following: 

 

 Present Value(PV) 

 Future value (FV) 

 Flat Payment Schedules (PMT) 

 Discount Rate  

 Net Present Value(NPV) 

 Internal rate of return (IRR) 

 Effective Annual Rate(EAR) 

 Continuously compounded interest 

 
Almost all financial problems center on finding the value today of a series of cash 

receipts over time.The cash receipts (or cash flows, as we will call them) may be certain or 

uncertain. We analyze the values of no risky cash flows—future receipts that we will receive 

with absolute certainty. 

  The basic concept to which we will return over and over is the concept of opportunity 

cost. Opportunity cost is the return that would be required of an investment to make it a viable 

alternative to other, similar, investments. As illustrated in this problem, when we calculate the 

net present value, we use the investment's opportunity cost as a discount rate. When we 

calculate the internal rate of return, we compare the calculated return to the investment's 

opportunity cost to judge its value. 

  In the financial literature you will find many synonyms for opportunity cost, among 

them discount rate, cost of capital, and interest rate. When it is applied to risky cash flows, 

we will sometimes call theopportunity cost the risk-adjusted discount rate (RADR) or the 

weighted average cost of capital (WACC). 

 

 

Present Value (PV) and Net Present Value (NPV) 

Both concepts, present value and net present value, are related to the value today of a set 

of future anticipated cash flows. As an example, suppose we are valuing an investment that 

promises $100 per year at the end of this and the next four years. We suppose that there is no 

doubt that this series of five payments of $100 each will actually be paid. If a bank would pay 

us an annual interest rate of 10 percent on a five-year deposit, then this 10 percent is the 

investment's opportunity cost, the alternative benchmark return to which we want to compare 
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the investment. We may calculate the value of the investment by discounting its cash flows 

using this opportunity cost as a discount rate: 

 

 
 
The present value (PV) of $379.08 is the value today of the investment. Suppose this 

investment was being sold for $400. Clearly it would not be worth its purchase price, since—

given the alternative return (discount rate) of 10 percent—the investment is worth only 

$379.08. The net present value (NPV) is the applicable concept here. Denoting by r the 

discount rate applicable to the investment, the NPV is calculated as follows: 

𝑁𝑃𝑉 = 𝐶𝐹0   +   
𝐶𝐹𝑡

(1+𝑟)𝑡

𝑁

𝑡=1

 

where𝐶𝐹𝑡  is the investment's cash flow at time t and 𝐶𝐹0    is today's cash flow: 
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A Note about Nomenclature 

Excel's language about discounted cash flows differs somewhat from the standard finance 

nomenclature. Excel uses the letters NPV to denote the present value (not the net present 

value) of a series of cash flows. 

To calculate the finance net present value of a series of cash flows using Excel, we have 

to calculate the present value of the future cash flows (using the Excel NPV function) and 

subtract from this present value the time-zero cash flow. (This is often the cost of the asset in 

question.) 

Financial Modeling,Second Edition,Simon Benninga, Massachusetts Inst. of Technology 

2000, chapter 1, pp. 6 

 

 

The Internal Rate of Return (IRR) and Loan Tables 
 

We continue with the same example. Suppose that we indeed paid $400.00 for this series 

of cash flows. The internal rate of return (IRR) is defined as the compound rate of return r 

that makes the NPV equal to zero: 

𝐶𝐹0   +   
𝐶𝐹𝑡

(1+𝐼𝑅𝑅)𝑡

𝑁

𝑡=1

= 0 

Excel's function IRR will solve this problem; note that the IRR includes as arguments all 

of the cash flows of the investment, including the first (in this case negative) cash flow of 

−400: 

 
 

 
Financial Modeling,Second Edition,Simon Benninga, Massachusetts Inst. of Technology 

2000, chapter 1, pp. 8 
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Effective Annual Rate(EAR) 
 

The term annual percentage rate (APR), also called nominal APR, and the term effective 

APR, also called EAR, describe the interest rate for a whole year (annualized), rather than just 

a monthly fee/rate, as applied on a loan, mortgage loan, credit card, etc. 

Effective Annual Rate (EAR) or simply effective rate is the interest rate on a loan or 

financial product restated from the nominal interest rate as an interest rate with annual 

compound interest payable in arrears. It is used to compare the annual interest between loans 

with different compounding terms (daily, monthly, annually, or other). The effective interest 

rate differs in two important respects from the annual percentage rate (APR). The nominal 

APR is calculated as: the rate, for a payment period, multiplied by the number of payment 

periods in a year, while EAR incorporates reinvestment of periodic interest payments till the 

end of year 

APR =  Per − period rate ×  Periods per year 

Therefore, to obtain the EAR if there are n compounding periods in the year, we first 

recover the rate per period as APR/ m and then compound that rate for the number of periods 

in a year. 

1 + EAR =  1 + rate per period m =  1 +
APR

m
 

m

 

Rearranging, 

APR =  (1 + 𝐸𝐴𝑅) 1/𝑚 − 1 × m 

The formula assumes that you can earn the APR each period. Therefore, after one year 

(when n periods have passed), your cumulative return would be (1 + APR/n) xn. Note that 

one needs to know the holding period when given an APR in order to convert it to an 

effective rate. 

Excel deals with these formulas using function =EFFECT(APR; Number of periods) and 

=NOMINAL(EAR; Number of periods). See examples below. 

Effective Annual Rate: 
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Annual Percentage Rate: 

 

 
 

The EAR diverges by greater amounts from the APR as n becomes larger (that is, as we 

compound cash flows more frequently). In the limit, we can envision continuous 

compounding when n becomes extremely large in equation above. With continuous 

compounding, the relationship between the APR and EAR becomes 

1 + EAR = eAPR  

Or equivalently 

APR = ln 1 + EAR  

 
Mastering Financial Calculations, Robert Steiner, Prentis Hall, Chapter 1, p. 5 

 

 

Flat Payment Schedules (PMT) 
 

You take a loan for $10,000 at an interest rate of 7 percent per year. The bank wants you 

to make a series of payments that will pay off the loan and the interest over six years. We can 

use Excel's PMT function to determine how much should each annual fixed payment be: 

 

 
 

 
Notice that we have put "PV"—Excel's nomenclature for the initial loan principal—with 

a minus sign. Otherwise Excel returns a negative payment (a minor irritant). 
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Financial Modeling,Second Edition,Simon Benninga, Massachusetts Inst. of Technology 

2000, chapter 1, pp.13 

 

 

Future Values and Applications 

Any reasonable investment or commitment of cash must provide for an increase in value 

over time. Given the amount of cash that you want to commit, you can find out how much 

that cash value will increase in the future once the expected rate of return is known. This 

calculation is called finding the future value of an investment 

There is an easy formula to calculate future values: 

 
𝐹𝑉 = 𝑃𝑉 1 + 𝑅 𝑁 

Where 

FV= Future value 

PV=initial deposit (principal) 

R=annual rate of interest 

N=Number of years 

 
We start with a triviality. Suppose you deposit $1,000 in an account, leaving it there for 

10 years. Suppose the account draws annual interest of 10 percent. How much will you have 

at the end of 10 years? The answer, as shown in the following spreadsheet, is $2,593.74. 

 

 
 
As cell B21 shows, you don't need all these complicated calculations: The future value of 

$1,000 in 10 years at 10 percent per year is given by 

FV = 1000 ∗ (1 + 10%)10 = 2,593.74 
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Now consider the following, slightly more complicated, problem: Again, you intend to 

open a savings account. Your initial deposit of $1,000 this year will be followed by a similar 

deposit at the beginning of years 1,2, …, 9. If the account earns 10 percent per year, how 

much will you have in the account at the start of year 10? 

 

This problem is easily modeled in Excel: 

 

 
 
Thus the answer is that we will have $17,531.17 in the account at the beginning of year 

10. This same answer can be represented as a formula that sums the future values of each 

deposit. 

 
𝑇𝑜𝑡𝑎𝑙𝑎𝑡𝑏𝑒𝑔𝑖𝑛𝑛𝑖𝑛𝑔𝑜𝑓𝑦𝑒𝑎𝑟 10

= 1000 ∗  1 + 10% 10+ 1000 ∗  1 + 10% 9 + ⋯+ 1000 ∗  1 + 10% 1

=  1000 ∗  1 + 10% 𝑖
𝑁

𝑖=1

 

 
An Excel Function Note from cell D21 that Excel has a function FV that gives this sum. 

The dialog box brought up by FV is the following: 

 



 

51 

 

 
 

 

We note three things about this function: 
 

1. For positive deposits FV returns a negative number. There is an explanation for why this 

function isprogrammed in this way, but basically this outcome is an irritant. To avoid 

negative numbers, we have put the PMT  in as −1,000. 

2. The line PV in the dialog box refers to a situation where the account has some initial 

value other than 0 when the series of deposits is made. In this example, this line has been 

left blank, indicating that the initial account value is zero. 

3. As noted in the picture, "Type" (either 1 or 0) refers to whether the deposit is made at the 

beginning or the end of each period. 

 

Financial Modeling,Second Edition,Simon Benninga, Massachusetts Inst. of Technology 

2000, chapter 1, pp. 14-16 

 

Continuous Compounding 
 

Suppose you deposit $1,000 in a bank account that pays 5 percent per year. At the end of 

the year you will have 1,000 * (1.05) = $1,050. Now suppose that the bank pays you 2.5 

percent interest twice a year. After six months you'll have $1,025, and after one year you will 

have 

1000 ∗ (1 +
0.05

2
 )2 = 1050.625 

 By this logic, if you get paid interest  m times per year, your accretion at the end of the 

year will be  

FV = P ∗ eRN  

Where 

FV= Future Value 

P=Initial Deposit (Principal) 

R=Annual Rate of Interest 
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N=number of Years 

 

As m increases, this amount gets larger, converging (rather quickly, as you will soon see) 

to 𝑒0.5, which in Excel is written as the function Exp. When n is infinite, we refer to this 

process as continuous compounding. (By typing Exp(1) in a spreadsheet cell, you can see that 

e = 2.7182818285.…) 

As you can see in the next display, $1,000 continuously compounded for one year at 5 

percent grows to $1,000 *𝑒0.05= $1,051.271 at the end of the year. Continuously compounded 

for N years, it will grow to $1,000 *𝑒0.05𝑁. 

 

 
 

Financial Modeling,Second Edition,Simon Benninga, Massachusetts Inst. of Technology 

2000, chapter 1, pp. 18-19 
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9.  CALCULATING THE COST OF CAPITAL 
 

 

Introduction 
 

The most widely used valuation method for firms is the discounted cash flow (DCF) 

method.We show how to use integrated accounting-based financial models for the firm to 

calculate the firm's free cash flows. Discounting these cash flows at an appropriately risk-

adjusted discount rate will give us the value of the firm.we discuss how to calculate the firm's 

cost of capital, the discount rate applied to future cash flows. We consider two models for 

calculating the cost of equity, the discount rate applied to equity cash flows: 

The Gordon model calculates the cost of equity based on the anticipated dividends of the 

firm 

The capital asset pricing model (CAPM) calculates the cost of equity based on the 

correlation between the firm's equity returns and the returns of a large, diversified, market 

portfolio. As we will see, the CAPM can also be used to calculate the cost of the firm's debt. 

We use all of these models to calculate the weighted average cost of capital (WACC), the 

appropriate discount rate for valuation of firm cash flows. 

A Terminological Note As noted in the previous chapter, "cost of capital" is a synonym 

for the "appropriate discount rate" to be applied to a series of cash flows. In finance, 

"appropriate" is most often a synonym for "risk-adjusted." Hence, another name for the cost 

of capital is the "risk-adjusted discount rate" (RADR). 

 

Financial Modeling,Second Edition,Simon Benninga, Massachusetts Inst. of Technology 

2000, chapter 2, pp. 25 

 

 

The Gordon Dividend Model 
 

The Gordon dividendmodelderives the cost of equity from the following deceptively 

simple statement: 

The value of a share is the present value of the future anticipated dividend stream from 

the share, where the future anticipated dividends are discounted at the appropriate risk-

adjusted cost of equity. 

Consider, for example, the case of a stock whose dividends are anticipated to grow at 10 

percent per year. If next year's anticipated dividend is $3 per share, then the value of the stock 

today, 𝑃0, is given by 

𝑃0 =
3

1 + 𝑅𝐸
+

3 ∗ (1.10)

(1 + 𝑅𝐸)2
+

3 ∗ (1.10)2

(1 + 𝑅𝐸)3
+

3 ∗ (1.10)3

(1 + 𝑅𝐸)4
 

Where 

RE= Risk-adjusted cost of equity 
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The formula in cell B6 of the following spreadsheet discounts 67 years of dividends (not 

all for which are shown): 

 

 
 
Notice that our "solution" is really only an approximation. We've simply taken the NPV 

for a very long series of dividends, whereas the actual problem in the equation relates to an 

infinite series of dividends. To do this infiniteseries calculation, we need to resort to some 

manipulation of the formula. We rewrite the formula using 𝐷𝑖𝑣1 to denote the next period 

anticipated dividend and using g to denote the anticipated growth rate of dividends sometimes 

called Growing perpetuity: 

𝑃0 =
𝐷𝑖𝑣1

1 + 𝑅𝐸
+

𝐷𝑖𝑣1 ∗ (1 + 𝑔)

(1 + 𝑅𝐸)2
+

𝐷𝑖𝑣1 ∗ (1 + 𝑔)2

(1 + 𝑅𝐸)3
+

𝐷𝑖𝑣1 ∗ (1 + 𝑔)3

(1 + 𝑅𝐸)4
+ ⋯

=  
𝐷𝑖𝑣1 ∗  1 + 𝑔 𝑖−1

 1 + 𝑔 𝑖

∞

𝑖=1

=
𝐷𝑖𝑣1

𝑅𝐸 − 𝑔
 

 

Provided  𝑔 < 𝑅𝐸  

 

Financial Modeling,Second Edition,Simon Benninga, Massachusetts Inst. of Technology 

2000, chapter 2, pp. 26-27 



 

55 

 

Supernormal Growth" and the Gordon Model 
 

Notice that if the condition  𝑔 < 𝑅𝐸 is violated, the formula𝑃0 =
𝐷𝑖𝑣1
𝑅𝐸−𝑔

 gives a negative 

answer. However, this does not mean that the value of the share is negative; rather it means 

that the basic condition has been violated. In finance examples, violations of  𝑔 < 𝑅𝐸  usually 

occur for very fast-growing firms, in which—at least for short periods of time—we anticipate 

very high growth rates, so that 𝑔 < 𝑅𝐸 . In this case the original dividend discount formula 

shows that P0 will have an infinite value. Since this result is clearly unreasonable (remember 

that we are valuing a security), it probably means either (1) that the long-term growth rate is 

less than the discount rate RE, or (2) that the discount rate RE is too low. 

The following spreadsheet illustrates an initial, very high, growth rate that ultimately 

slows to a lower rate. We consider a firm whose current dividend is $8 per share. The firm's 

dividend is expected to grow at 35 percent for the next five years, after which the growth rate 

will slow down to 8 percent per year. The cost of equity, the discount rate for all of the 

dividends, is 18 percent: 

 

 
 
To calculate the value of the firm's share, we first discount the dividends for years 1–5. 

Cell E4 shows that these five future dividends are worth $40. Now look at years 6–∞. Denote 

the long-term growth rate by g2 (in our example this is 8 percent). At time 0, the discounted 

dividend stream from years 6- ∞ looks like: 

𝐷𝑖𝑣5(1 + 𝑔2)

(1 + 𝑟𝐸)6
+

𝐷𝑖𝑣5(1 + 𝑔2)2

(1 + 𝑟𝐸)7
+

𝐷𝑖𝑣5(1 + 𝑔2)3

(1 + 𝑟𝐸)8
=  

𝐷𝑖𝑣5 ∗ (1 + 𝑔2)𝑡−5

(1 + 𝑟𝐸)𝑡

∞

𝑡=6

=
1

(1 + 𝑟𝐸)5
 

𝐷𝑖𝑣5 ∗ (1 + 𝑔2)𝑡

(1 + 𝑟𝐸)𝑡

∞

𝑡=1

 

 

This last expression is basically the Gordon model discounted over five years. 
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1

(1 + 𝑟𝐸)5
 

𝐷𝑖𝑣5 ∗ (1 + 𝑔2)𝑡

(1 + 𝑟𝐸)𝑡

∞

𝑡=1

=
1

(1 + 𝑟𝐸)5

𝐷𝑖𝑣5 ∗ (1 + 𝑔2)𝑡

𝑟𝐸 −  𝑔2
 

As shown in the spreadsheet, the value of the share is estimated at 230.33. 

 

Financial Modeling,Second Edition,Simon Benninga, Massachusetts Inst. of Technology 

2000, chapter 2, pp. 27-28 

 

 

The Classic SML 
 

The classic CAPM formula uses a security market line (SML) equation that ignores taxes. 

𝐶𝑜𝑠𝑡 𝑜𝑓 𝐸𝑞𝑢𝑖𝑡𝑦 =  𝑟𝑓 + 𝛽 𝐸 𝑟𝑀 − 𝑟𝑓  

Here 𝑟𝑓  is the risk-free rate of return in the economy and𝐸 𝑟𝑀  is the expected rate of 

return on the market. The choice of values for the SML parameters is often problematic. A 

common approach is to choose 

nrf  equal to the risk-free interest rate in the economy (for example, the yield on Treasury 

bills). 

n𝐸 𝑟𝑀 − 𝑟𝑓  equal to the historic average of the "market risk premium," defined as the 

average return of a broadbased market portfolio minus the risk-free rate. 

 

The following spreadsheet fragment illustrates this approach. 

 

 
 

Financial Modeling,Second Edition,Simon Benninga, Massachusetts Inst. of Technology 

2000, chapter 2, pp. 32 
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Weighted Average Cost of Capital (WACC) 
 

The preceding examples for the Gordon dividend model and the CAPM derive the cost of 

equity, the risk-adjusted discount rate that should be applied to the firm's equity payouts to 

shareholders. The discount rate that should be applied to the firm's free cash flows—the cash 

flows of the firm as a whole—is called the weighted average cost of capital (WACC). The 

WACC is a weighted average of the cost of equity and the cost of debt, where E is the market 

value of the firm's equity, D is the market value of the firm's debt, and TC is the corporate tax 

rate. 

In the next spreadsheet we calculate Abbott's WACC for the case where the cost of debt 

is calculated by Method 1 but where we use both the Gordon model and the CAPM for the 

cost of equity 

 
 

 
Financial Modeling,Second Edition,Simon Benninga, Massachusetts Inst. of Technology 

2000, chapter 2, pp. 37 
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Exercises: 
 

1. ABC Corp. has a stock price 𝑃0 = 50. The firm has just paid a dividend of $3 per share, 

and knowledgable shareholders think that this dividend will grow by a rate of 5% per 

year. Use the Gordon dividend model to calculate the cost of equity of ABC. 

2. Unheardof, Inc. has just paid a dividend of $5 per share. This dividend is anticipated to 

increase at a rate of 15% per year. If the cost of equity for Unheardof is 25%, what should 

be the market value of a share of the company? 

3. Dismal.com is a producer of depressing Internet products. The company is not currently 

paying dividends, but its chief financial officer thinks that starting in 3 years it can pay a 

dividend of $15 per share, and that this dividend will grow by 20% per year. Assuming 

that the cost of equity of Dismal.com is 35%, value a share based on the discounted 

dividends. 
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10. FINANCIAL STATEMENT MODELING 
 

 

Almost all financial-statement models are sales driven; this term means that as many as 

possible of the most important financial statement variables are assumed to be functions of 

the sales level of the firm. For example, accounts receivable may be taken to be a direct 

percentage of the sales of the firm. A slightly more complicated example might postulate that 

the fixed assets (or some other account) are a step function of the level of sales: 

𝐹𝑖𝑥𝑒𝑑𝐴𝑠𝑠𝑒𝑡𝑠 =  
𝑎𝑖𝑓𝑠𝑎𝑙𝑒𝑠 < 𝐴

𝑏𝑖𝑓𝐴 ≤ 𝑠𝑎𝑙𝑒𝑠 < 𝐵
  

etc. 

Order to solve a financial-planning model, we must distinguish between those financial-

statement items that are functional relationships of sales and perhaps of other financial-

statement items and those items that involve policydecisions. The asset side of the balance 

sheet is usually assumed to be dependent only on functional relationships. The current 

liabilities may also be taken to involve functional relationships only, leaving the mix between 

long-term debt and equity as a policy decision. 

A simple example is the following. We wish to predict the financial statements for a firm 

whose current balance sheetand income statement are as follows: 
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The current (year 0) level of sales is 1,000. The firm expects its sales to grow at a rate of 10 

percent per year. In addition, the firm anticipates the following financial-statement relations. 

 
Current assets: Assumed to be 15 percent of end-of-year sales 

Current liabilities: Assumed to be 8 percent of end-of-year sales 

Net fixed assets: 77 percent of end-of year sales 

Depreciation: 10 percent of the average value of assets on the books during the year 

Fixed assets at cost: Sum of net fixed assets plus accumulated depreciation 

Debt: The firm neither repays any existing debt nor borrows any more money over the five-

year horizon of the pro-formas. 

 

Projecting Next Year's Balance Sheet and Income Statement 

We have already given the financial statement for year zero. We now project the financial 

statement for year one: 
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Income Statement Equations 
 

Sales = Initial sales * (1 + Sales growth)^year 

Costs of goods sold = Sales * Costs of goods sold/Sales 
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The assumption is that the only expenses related to sales are costs of goods sold. Most 

companies also book an expense item called selling, general, and administrative expenses 

(SG&A). The changes you would have to make to accommodate this item are obvious. 

 

Interest payments on debt = Interest rate on debt * Average debt over the year 

 

This formula allows us to accommodate changes in the model for repayment of debt, as 

well as rollover of debt at different interest rates. Note that in the current version of the 

model, debt stays constant; but in other versions of the model to be discussed later debt will 

vary over time. 

 

Interest earned on cash and marketable securities = Interest rate on cash * Average cash 

and marketable securities over the year 

 

Depreciation = Depreciation rate * Average fixed assets at cost over the year 

 

This calculation assumes that all new fixed assets are purchased during the year. We also 

assume that there is no disposal of fixed assets. 

 
Profit before taxes = Sales − Costs of goods sold − Interest payments on debt + Interest 

earned on cash and marketable securities – Depreciation 

 

Taxes = Tax rate * Profit before taxes 

Profit after taxes = Profit before taxes – Taxes 

Dividends = Dividend payout ratio * Profit after taxes 

 

The firm is assumed to pay out a fixed percentage of its profits as dividends. An 

alternative would be to assume that the firm has a target for its dividends per share. 

 

Retained earnings = Profit after taxes – Dividends 
 

 

Balance Sheet Equations 
 

Cash and marketable securities = Total liabilities − Current assets − Net fixed assets 

Current assets = Current Assets/Sales * Sales 

Net fixed assets = Net fixed assets/Sales * Sales 

Accumulated depreciation = Previous year's accumulated depreciation + Depreciation rate * 

Average fixed assets at cost over the year. 

Fixed assets at cost = Net fixed assets + Accumulated depreciation 

 

 Note that this model does not distinguish between plant property and equipment (PP&E) 

and other fixed assets such as land. 
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Current liabilities = Current liabilities/Sales * Sales 

 

Debt is assumed to be unchanged. An alternative model, which we will explore later, 

assumes that debt is the balance-sheet plug. 

Stock doesn't change (the company is assumed to issue no new stock). 

 

Accumulated retained earnings = Previous year's accumulated retained earnings + Current 

year's additions to retained earnings 

 

Financial Modeling,Second Edition,Simon Benninga, Massachusetts Inst. of Technology 

2000, chapter3, pp. 49-53 

 
 

 

Free Cash Flow (FCF): Measuring the Cash Produced by the Business 
 

The most important calculation for valuation purposes is the free cash flow (FCF). FCF—

the cash produced by a business without taking into account the way the business is 

financed—is the best measure of the cash produced by a business. The easiest way to define 

the free cash flow is as follows: 

 

 
Defining the Free Cash Flow: 

 

Profit after taxes: This is the basic measure of the profitability of the business, but it is 

an accounting measure that includes financing flows (such as interest), as well as noncash 

expenses such as depreciation. Profit after taxes does not account for either changes in the 

firm's working capital or purchases of new fixed assets, both of which can be important cash 

drains on the firm. 

+ Depreciation: This noncash expense is added back to the profit after tax. 

+ After-tax interest payments (net): FCF is an attempt to measure the cash produced by 

the business activity of the firm. To neutralize the effect of interest payments on the firm's 

profits, we 

 Add back the after-tax cost of interest on debt (after-tax since interest payments are 

tax deductible). 

  Subtract out the after-tax interest payments on cash and marketable securities. 

− Increase in current assets: When the firm's sales increase, more investment is needed 

in inventories, accounts receivable, etc. This increase in current assets is not an expense for 

tax purposes (and is therefore ignored in the profit after taxes), but it is a cash drain on the 

company. 

+ Increase in current liabilities: An increase in the sales often causes an increase in 

financing related to sales (such as accounts payable or taxes payable). This increase in current 
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liabilities—when related to sales—provides cash to the firm. Since it is directly related to 

sales, we include this cash in the free cash flow calculations. 

−Increase in fixed assets at cost: An increase in fixed assets (the long-term productive 

assets of the company) is a use of cash, which reduces the firm's free cash flow. 

 

Here is the free cash flow for our firm: 

 

 
 
 

Using the FCF to Value the Firm and Its Equity 

 

The enterprise value of the firm is defined to be the value of the firm's debt, convertible 

securities, and equity. In financial theory, the enterprise value is the present value of the 

firm's future anticipated cash flows. 

We can use the FCF projections and a cost of capital to determine the enterprise value of 

the firm. Suppose we have determined that the firm's weighted average cost of capital 

(WACC) is 20 percent. Then the enterprise value of the firm is the discounted value of the 

firm's projected FCFs plus its terminal value: 

 
𝐸𝑛𝑡𝑒𝑟𝑝𝑟𝑖𝑠𝑒𝑉𝑎𝑙𝑢𝑒

=
𝐹𝐶𝐹1

(1 + 𝑊𝐴𝐶𝐶)1
+

𝐹𝐶𝐹2

(1 + 𝑊𝐴𝐶𝐶)2
+ ⋯+

𝐹𝐶𝐹5

(1 + 𝑊𝐴𝐶𝐶)5

+
𝑌𝑒𝑎𝑟 − 5 𝑇𝑒𝑟𝑚𝑖𝑛𝑎𝑙𝑉𝑎𝑙𝑢𝑒

(1 + 𝑊𝐴𝐶𝐶)5
 

 

In this formula, the year-5 terminal value is a proxy for the present value of all 

FCFs from year 6 onward 

 

Here's an example that uses our projections: 
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Terminal Value 

 

We have assumed that—after the year-5 projection horizon—the cash flows will grow at 

a rate equal to the sales growth of 10 percent. This assumption gives the terminal value as 

𝑇𝑒𝑟𝑚𝑖𝑛𝑎𝑙 𝑉𝑎𝑙𝑢𝑒𝑎𝑡𝑒𝑛𝑑𝑜𝑓𝑦𝑒𝑎𝑟 5 =  
𝐹𝐶𝐹𝑡+5

(1 + 𝑊𝐴𝐶𝐶)𝑡

∞

𝑡=1

=  
𝐹𝐶𝐹5 ∗ (1 + 𝑔𝑟𝑜𝑤𝑡)

(1 + 𝑊𝐴𝐶𝐶)𝑡

∞

𝑡=1

=
𝐹𝐶𝐹5 ∗ (1 + 𝑔𝑟𝑜𝑤𝑡)

𝑊𝐴𝐶𝐶 − 𝐺𝑟𝑜𝑤𝑡
 

 

Financial Modeling,Second Edition,Simon Benninga, Massachusetts Inst. of Technology 

2000, chapter3, pp. 54-56 
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11. INTRODUCTION TO PORTFOLIO MODELS 
 

Modern portfolio theory, which has its origins in the work of Harry Markowitz, John 

Lintner, Jan Mossin, and William Sharpe, represents one of the great advances in finance. 

In this chapter we review the basic mechanics of portfolio calculations. We start with a 

simple example of two assets, showing how to derive the return distributions from historical 

price data. We then discuss the general case of N assets; for this case it becomes convenient 

to use matrix notation and exploit Excel's matrix-handling capabilities.  

It is useful before going on to review some basic notation: Each asset i (they may be 

shares, bonds, real estate, or whatever, although our numerical examples here will be 

confined to shares) is characterized by several statistics: E (ri), the expected return on asset i; 

Var(ri), the variance of asset i's return; and Cov(ri, rj), the covariance of asset i's and asset j's 

returns. In our applications, it will often be convenient to write Cov(ri, rj), as σij and Var(ri) as 

σii (instead of σi
2
, as usual). Since the covariance of an asset's returns with itself, Cov(ri, ri), is 

in fact the variance of the asset's returns, this notation is not only economical but also logical. 

Suppose we have monthly price data for 12 months on two shares: one of Stock A and 

one of Stock B. The data look like this: 

 

These data give the closing price at the end of each month for each stock. The month-0 

price is the initial price of the stock (i.e., the closing price at the end of the month proceeding 

month 1). We wish to calculate the relevant return statistics for each stock. 

First we calculate the monthly return for each stock. This is the percentage return that 

would be earned by an investor who bought the stock at the end of a particular month t − 1 
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and sold it at the end of the following month. For month t and Stock A, the monthly return rAt 

is defined as    

𝑟 = ln
𝑃𝑡

𝑃𝑡−1
 

The return calculation is easily done in Excel. Setting up the proper formulas gives 

 

We now make a heroic assumption: We assume that the return data for the 12 months 

represent the distribution of the returns for the coming month. We thus assume that the past 

gives us some information about the way returns will behave in the future. This assumption 

allows us to assume that the average of the historic data represents the expected monthly 

return from each stock. It also allows us to assume that we may learn from the historic data 

what the variance of the future returns is. Using the Average( ), Varp( ), and Stdevp( ) 

functions in Excel, we calculate the statistics for the return distribution: 

 

Next we want to calculate the covariance of the returns. The covariance (and the 

correlation coefficient, which is derived from it) measures the degree to which the returns on 

the two assets move together. The definition is 
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𝐶𝑜𝑣 𝑟𝐴 , 𝑟𝐵 =
1

𝑀
  𝑟𝐴𝑡 − 𝐸(𝑟𝐴) ∗   𝑟𝐵𝑡 − 𝐸(𝑟𝐵) 

𝑡

 

where M is the number of points in the distribution (in our case, M = 12). 

 

 This equation is easily set up in Excel: The column Product contains the multiple of the 

deviation from the mean in each month, that is, the terms [rAt – E (rA)][rBt − E(rB)], for t = 1, 

…, 12. The covariance is Average(Product) = 0.00191. While it is worthwhile calculating 

the covariance this way at least once, there is a shorter way, which is also illustrated in the 

spreadsheets. Excel has an array function—Covar(Array1,Array2)—that calculates the 

covariance directly. To calculate the covariance using Covar there is no necessity to find the 

difference between the returns and the means. Simply use Covar directly on the columns, as 

illustrated in Cell G62 in the spreadsheet picture. 

The covariance is a hard number to interpret, since its size depends on the units in which 

we measure the returns. (If we were to write the returns in percentages—i.e., 4 instead of 

0.04—then the covariance would be 19.1, which is 10,000 times the number we just 

calculated) We can also calculate the correlation coefficient ρAB, which is defined 

as    𝜌𝐴𝐵 =
𝐶𝑜𝑣 𝑟𝐴,𝑟𝐵 

𝜍𝐴𝜍𝐵
 

The correlation coefficient is unit-free; calculating it for our example gives ρAB = 0.4958. 

As we have illustrated, the correlation coefficient can be calculated directly in Excel using the 

function Correl(Array1, Array2), where the arrays are the same column vectors used to 

calculate the covariance using the function Covar. 

The correlation coefficient measures the degree of linear relation between the returns of 

Stock A and Stock B. The following facts can be proven about the correlation coefficient: 

 The correlation coefficient is always between + 1 and − 1: − 1 ≤ ρAB ≤ 1. 

 If the correlation coefficient is +1, then the returns on the two assets are linearly 

related with a positive slope; that is, if ρAB = 1 
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 If the correlation coefficient is −1, then the returns on the two assets are linearly 

related with a positive slope; that is, if ρAB = −1 

 If the return distributions are independent, then the correlation coefficient will be 

zero. (The opposite is not true: If the correlation coefficient is zero, this fact does not 

necessarily mean that the returns are independent. 

Now suppose we form a portfolio composed half of Stock A and half of Stock B. What 

will be the mean and the variance of this portfolio? It is worth doing the brute-force 

calculations at least once in Excel. 

It is easy to see that the mean portfolio return is exactly the average of the mean returns 

of the two assets: 

Expected Return = E rP =  0.5 rA +  0.5 rB = 0.5 ∗ 3.24% + 0.5 ∗ 3.47% = 3.35% 

In general the mean return of the portfolio is the weighted average return of the 

component stocks. If we denote by γ the proportion invested in Stock A, then 

E rP = γ rA + (1 − γ) rB  

However, the portfolio's variance is not the average of the two variances of the stocks! The 

formula for the variance is 

Var rP = γ2Var rA + (1 − γ)2Var rB + 2γ 1 − γ Cov(rA , rB ) 

Or 

σP
2 = γ2σA

2 + (1 − γ)2σB
2 + 2γ 1 − γ ρσAσB  

A frequently performed exercise is to plot the means and standard deviations for various 

portfolio proportions γ. To do this we build a table using Excel's Data|Table command. 

The first step is to set up the table's structure. In the next example, we put the formulas 

for the Expected Return and Standard Deviation on the top row, and we put the variable 

we wish to vary (in this case the proportion) in the first column. At this point the table looks 

like this: 
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The numbers directly under the labels "Sigma" and "Mean" refer to the corresponding 

formulas in the previous picture. Thus, if the cell E18 contains the calculation for the 

Expected Return, then the cell under the letters "Mean" contains the formula "=E18." 

Similarly, if the cell E20 contains the original calculation for the Variance, then the cell under 

"Sigma" in the table contains the formula "=E20." 

Now do the following: 

 Highlight the table area (outlined in the dark border). 

 Activate the command Data|Table. You will get a dialogue box that asks you to 

indicate a Row Input Cell and/or a Column Input Cell. 

 
 

In this case, the variable we wish to change is in the left-hand column of our table, so we 

leave the Row Input Cell blank and indicate the cell B3 (which contains the Proportion in A) 

in the Column Input Cell box. 

Here's the result: 
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The graph of the means and standard deviations looks like the following figure. To make 

the figure come out in this way, you have to use the Graph Type XY option. 

 

Matrix notation greatly simplifies the writing of the portfolio problem. In the general case 

of N assets, suppose thatthe proportion of asset i in the portfolio is denoted by γi. It is often 

convenient to write the portfolio proportions as a column vector : 

Γ =

 
 
 
 
 
𝛾1

𝛾2
𝛾3

…
𝛾𝑁 

 
 
 
 

 

We may then write 
T 

as the transpose of : 

ΓT =  𝛾1𝛾2𝛾3 …  𝛾𝑁  

Now write E(r) as the column vector of asset returns, and E(r)
T
 as the row vector of the 

asset  returns: 

𝐸 𝑟 =

 
 
 
 
 
𝐸(𝑟1)
𝐸(𝑟2)
𝐸(𝑟3)
…

𝐸(𝑟𝑁) 
 
 
 
 

 

𝐸 𝑟 𝑇 =  𝐸(𝑟1) 𝐸(𝑟2)𝐸(𝑟3)…  𝐸(𝑟𝑁)  

Then we may write the expected portfolio return in matrix notation as 

𝐸 𝑟𝑃 =  𝛾𝑖𝐸(𝑟𝑖)

𝑁

𝑖=1

= ΓT𝐸 𝑟 = 𝐸 𝑟 𝑇Γ 

3.00%

3.05%

3.10%

3.15%

3.20%

3.25%

3.30%

3.35%

3.40%

3.45%

3.50%

3.50% 4.00% 4.50% 5.00% 5.50% 6.00% 6.50% 7.00% 7.50% 8.00% 8.50%

Efficient Frontier
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The portfolio's variance is given by 

Var rp =   γiγjσij

N

j=1

N

i=1

 

The most economical representation of the portfolio variance uses matrix notation. It is 

also the easiest representation to implement for large portfolios in Excel. In this 

representation we call the matrix that has σij in the i
th

 row and the j
th

 column the variance-

covariance matrix 

S =

 
 
 
 
 
 
 
σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

⋮

σ1N

σ2N

σ3N

⋯
σN1 σN2 σN3 σNN

 
 
 
 
 
 
 

 

Then the portfolio variance is given by Var(rp) =
T
S. 

 

Example: Suppose that there are four risky assets that have the following expected returns 

and variance-covariance matrix: 

 

We wish to consider two portfolios of risky assets: 

 

For clarity of exposition, we first allocate space on the spreadsheet for the transposes of 

the two portfolios. We use the array function Transpose to insert these cells 
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We next calculate the means, variances, and covariance of the two portfolios. We use the 

Excel function Mmult for all the calculations: 

 

We can now calculate the standard deviation and return of combinations of portfolios 1 

and 2. Note that once we have calculated the means, variances, and the covariance of the 

returns of the two portfolios, the calculation of the mean and the variance of any portfolio is 

the same as for the two-asset case. 
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An efficient portfolio is the portfolio of risky assets that gives the lowest variance of 

return of all portfolios having the same expected return. Alternatively, we may say that an 

efficient portfolio has the highest expected return of all portfolios having the same variance. 

Mathematically, we may define an efficient portfolio as follows: For a given return m, an 

efficient portfolio p is one that solves 

Min   𝛾𝑖𝛾𝑗𝜍𝑖𝑗

N

j=1

N

i=1

= 𝑉𝑎𝑟 rp  

subject to 

 𝑥𝑖𝑟𝑖
𝑖

= 𝜇 = 𝐸 𝑟𝑝  

 𝑥𝑖

𝑖

= 1 

The efficient frontier is the set of all efficient portfolios. The efficient frontier is the locus 

of all convex combinations of any two efficient portfolios. 

To show that efficiency is a nontrivial concept, we show that the two portfolios whose 

combinations are graphed in four asset example are not efficient. This point is easy to see if 

we extend the data table to include numbers for the individual stocks: 
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Were the two portfolios efficient, then all of the individual stocks would fall on or inside 

the graph of the combinations. 

 

Financial Modeling, 2
nd

 ed., Simon Benninga, 2000; Chapter 7, pp.106-116 

Investments, 8
th 

ed., Zvi Bodie, Alex Kane, Alan J. Marcus, 2009; Chapter 7, pp. 197-204 
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12. VARIANCE-COVARIANCE MATRIX 
 

 

In order to calculate efficient portfolios, we must be able to calculate the variance-

covariance matrix from return data for stocks. In this chapter we discuss this problem, 

showing how to do the calculations in Excel. We illustrate several methods for calculating the 

variance-covariance matrix.  

Throughout the chapter we shall use data for six stocks to illustrate our calculations. 

 
This particular data set is calculated from annual price data for these six stocks. Thus, for 

example, AMR's return of −35.05 percent for 1974 is calculated as 

𝑟𝐴𝑀𝑅 ,1974 =  
𝑃𝑟𝑖𝑐𝑒𝐴𝑀𝑅 ,𝐷𝑒𝑐  31,1974 − 𝑃𝑟𝑖𝑐𝑒𝐴𝑀𝑅 ,𝐷𝑒𝑐  31,1973

𝑃𝑟𝑖𝑐𝑒𝐴𝑀𝑅 ,𝐷𝑒𝑐  31,1973
 

Suppose we have return data for N assets over M periods. We can write the return of 

asset i in period t as rit. Write the mean return of asset i as 

ri =  
1

N
 rit

N

t=1

, i = 1, … 

Then the covariance of the return of asset i and asset j is calculated as 

σij = Cov rirj =
1

M
  rit − ri  ∗  rjt − rj  

M

t=1

, i, j = 1, … 

Our problem is to calculate these covariances efficiently. 

 

By far the clearest method for calculating the variance-covariance matrix is an on-screen 

method involving the excess return matrix. Suppose that we have N risky assets and that for 

each asset we have return data for M periods. Then the excess return matrix will look like 

this: 
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𝐴 = 𝑀𝑎𝑡𝑟𝑖𝑥𝑜𝑓𝐸𝑥𝑐𝑒𝑠𝑠𝑅𝑒𝑡𝑢𝑟𝑛𝑠 =  

𝑟11 − 𝑟1 … 𝑟𝑁1 − 𝑟𝑁

𝑟12 − 𝑟1 … 𝑟𝑁1 − 𝑟𝑁…
𝑟1𝑀 − 𝑟𝑀

…
…

…
𝑟𝑁𝑀 − 𝑟𝑁

  

The transpose of this matrix is 

𝐴 = 𝑀𝑎𝑡𝑟𝑖𝑥𝑜𝑓𝐸𝑥𝑐𝑒𝑠𝑠𝑅𝑒𝑡𝑢𝑟𝑛𝑠 =  
𝑟11 − 𝑟1 𝑟12 − 𝑟1 𝑟1𝑀 − 𝑟𝑀

… … …
𝑟𝑁1 − 𝑟𝑁 𝑟𝑁1 − 𝑟𝑁 𝑟𝑁𝑀 − 𝑟𝑁

  

Multiplying AT times A and dividing through by the number of periods M gives the variance-

covariance matrix: 

𝑆 =  𝜍𝑖𝑗  =
𝐴𝑇𝐴

𝑀
 

We illustrate this method with our numerical example. We first calculate the mean return 

for each asset (the last line of the following spreadsheet picture): 

 

The means were calculated by using the Excel function Average( ) on each column of 

data. Next, we calculate the excess return matrix by subtracting each asset's mean return from 

each  of the periodic returns: 
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The transpose of this matrix can be calculated by using the array function Transpose( ): 

 

We can now calculate our variance-covariance matrix by multiplying AT times A. Again 

we use the array function MMult(A_Transpose, A)/N: 
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The single-index model (SIM) is an attempt to simplify some of the computational 

complexities of calculating the variance-covariance matrix. The model's basic assumption is 

that the returns of each asset can be linearly regressed on some market index: 

𝑅𝑖
 = 𝛼𝑖 + 𝛽𝑖𝑅 𝑥 + 𝜀 𝑖  

Given this assumption, it is easy to establish the following two facts: 

 E(Ri ) =𝛼𝑖  + 𝛽𝑖E(Rx ). This fact is trivial. 

 σij = βiβjσ
2

x. This fact requires a little more work. Writing the definition of σij 

and expanding gives 

 

𝜍𝑖𝑗 = 𝐸  𝑅 𝑖 − 𝐸 𝑅 𝑖   𝑅 𝑗 − 𝐸 𝑅 𝑗    

= 𝐸  𝛼𝑖 + 𝛽𝑖𝑅 𝑥 − [𝛼𝑖 + 𝛽𝑖𝐸(𝑅 𝑥)]  𝛼𝑗 + 𝛽𝑗𝑅 𝑥 − [𝛼𝑗 + 𝛽𝑗𝐸(𝑅 𝑥)]  

= 𝐸 𝛽𝑖 𝑅 𝑥 − 𝐸(𝑅 𝑥  𝛽𝑗 [𝑅 𝑥 − 𝐸(𝑅 𝑥)]}

= 𝛽𝑖𝛽𝑗 [𝑅 𝑥 − 𝐸(𝑅 𝑥)][𝑅 𝑥 − 𝐸(𝑅 𝑥)] = 𝛽𝑖𝛽𝑗𝜍𝑥
2 

 
The SIM can lead to great simplifications in the calculation of the variance-covariance 

matrix. We illustrate with our six-portfolio example, adding a seventh column for the returns 

on the S&P 500. Regressing the returns of each asset on the Standard & Poor's 500 portfolio, 

we get the following table of βs: 

 

The circled formulas show two ways of calculating the betas of the shares (this topic will 

be discussed further in the next chapter). 

To calculate the variance-covariance matrix, we have to calculate a matrix with entries 

βiβj


SP. This calculation is easily accomplished by putting the βs of the six assets on the 

borders of our variance-covariance matrix: 
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To create the entries of the matrix, we use the mixed cell-reference feature of the 

spreadsheet. Thus, for example, the upper right-hand cell of the variance-covariance matrix 

(which contains AMR's SIM variance of 0.0790) has the formula = D$14 * $C15 * $D$11. 

The cell D11 contains the index variance (in this case = 0.0359) and D$14 and $C15 refer to 

the borders of the matrix, which contain the βs of the assets. When this formula is copied to 

the whole matrix, we create the variance-covariance matrix according to the single-index 

model 

It is clear that the variance-covariance matrix as estimated by the SIM differs from the 

exact variance-covariance matrix computed from the returns. In particular, as long as βs are 

positive (nearly always the case), the SIM's variance-covariance matrix will have no negative 

entries; it cannot thus accommodate the negative covariance between two assets. In our 

example, the difference between the two matrices is significant. 
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Financial Modeling, 2
nd

 ed., Simon Benninga, 2000; Chapter 8, pp.122-130 
Investments, 8

th
ed., Zvi Bodie, Alex Kane, Alan J. Marcus, 2009; Chapter 7; 8 pp. 245-280 
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13.  EFFICIENT PORTFOLIOS WITH SHORT 

SALES 
 

 

The structure of the chapter is as follows: We begin with some preliminary definitions 

and notation. We then state the major results (proofs are given in the appendix to the chapter). 

In succeeding sections we implement these results, showing you 

 How to calculate efficient portfolios. 

 How to calculate the efficient frontier. 

Throughout this chapter we use the following notation: There are N risky assets, each of 

which has expected return E(ri). The variable R is the column vector of expected returns of 

these assets: 

𝑅 =  

𝐸 𝑟1 = 𝑟1

𝐸 𝑟2 = 𝑟2

⋮
𝐸 𝑟𝑁 = 𝑟𝑁

  

and S is the N × N variance-covariance matrix: 

S =

 
 
 
 
 
 
 
σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33

⋮

σ1N

σ2N

σ3N

⋯
σN1 σN2

σN3 σNN

 
 
 
 
 
 
 

 

A portfolio of risky assets (when our intention is clear, we shall just use the word 

portfolio) is a column vector x whose coordinates sum to 1: 

x =

 
 
 
 
 
x1

x2
x3

…
xN 

 
 
 
 

 xi

N

i=1

= 1 

Each coordinate xi represents the proportion of the portfolio invested in risky asset i.  

The expected portfolio return E(rx) of a portfolio x is given by the product of x and R: 

E rx = xTR =  xiE(ri)

N

i=1

 

The variance of portfolio x'sreturn, 2
x≡xxis given by the product  
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xTSx =   xixjσij

N

j=1

N

i=1

 

The covariance between the return of two portfolios x and y, Cov(rx, ry), is defined by the 

product  

𝜍𝑥𝑦  =  𝑥𝑇𝑆𝑦 =    𝑥𝑖𝑦𝑗𝜍𝑖𝑗

𝑁

𝑗=1

𝑁

𝑖=1

 

Note that xy= yx. 

 
The following graph illustrates four concepts. A feasible portfolio is any portfolio whose 

proportions sum to one. The feasible set is the set of portfolio means and standard deviations 

generated by the feasible portfolios; this feasible set is the area inside and to the right of the 

curved line. A feasible portfolio is on the envelope of the feasible set if for a given mean 

return it has minimum variance. Finally, a portfolio x is an efficient portfolio if it maximizes 

the return given the portfolio variance (or standard deviation). That is, x is efficient if there is 

no other portfolio y such that E(Ry) > E(Rx) and σy ≤ σx. The set of all efficient portfolios is 

called the efficient frontier; this frontier is the heavier line in the graph. 

 
 

To construct Efficient Frontier, we must find any two efficient portfolios. Any two 

efficient portfolios are enough to establish the whole frontier.Given any two envelope 

portfolios x = {x1, …, xN} and y = {y1, …, yN}, all efficient portfolios are 

convexcombinations of x and y. 

 

In this section we calculate the efficient frontier using Excel. We consider a world with 

four risky assets having the following expected returns and variance-covariance matrix: 
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We separate our calculations into two parts: First we calculate two efficient portfolios of 

the feasible set. Then we calculate the efficient frontier. 

 

We must solve the system R − c = Sz for z, where we use two different values for c. 

The c's we solve for are somewhat arbitrary, but to make life easy, we first solve this 

system for c = 0. This procedure gives the following results: 

 

The formulas in the cells are as follows: 

 For z: =MMult(MInverse(A6:D9), F6:F9). The range A6:D9 contains the 

variance-covariance matrix, and the cells F6:F9 contain the mean returns of the 

assets. 

 For x: Each cell contains the associated value of z divided by the sum of all the 

z's. Thus, for example, cell C13 contains the formula =B13/B14 

We now solve this system for some other constant c. This solution involves a few extra 

definitions, as the following picture from the spreadsheet shows: 
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Each cell of the column vector labeled Mean minus constant contains the mean return of 

the given asset minus the value of the constant c (in this case c = 0.065). The second set of z's 

and its associated envelope portfolio y is givenby 

 

This vector z is calculated in a manner similar to that of the fir vector, except that the 

array function in the cells is MMult(MInverse(A6:D9), G6:G9). 

To complete the basic calculations, we compute the means, standard deviations, and 

covariance of returns for the portfolios x and y. 
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The transpose vectors of x and of y are inserted using the array function Transpose. Now 

we calculate the mean, variance, and covariance as follows: 

Mean(x) uses the formula MMult(transpose_x, means). 

Var(x) uses the formula MMult(MMult(transpose_x, var_cov), x). 

Sigma(x) uses the formula Sqrt(var_x). 

Cov(x, y) uses the formula MMult(MMult(transpose_x, var_cov), y). 

Corr(x, y) uses the formulacov(x, y)/(sigma_x * sigma_y). 

 

The following spreadsheet illustrates everything that has been done in this subsection. 
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Convex combinations of the two portfolios calculated before allow us to calculate the 

whole frontier of the feasible set. Suppose we let p be a portfolio that has proportion  

invested in portfolio x and proportion (1−) invested in y. Then—as discussed before—the 

mean and standard deviation of p's return are 

E rP = α rx +  (1 − α) ry  

σp
2 = α2σx

2 +  (1 − α)2σy
2 + 2α 1 − α σxy  

Here's a sample calculation for our two portfolios: 

 

We can turn this calculation into a data table to get the following table: 
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The data table itself has been outlined in black. The five data points in the fourth column 

give the expected return of the portfolio in the cell to the left; these data points are graphed as 

a separate data series in the following figure. 

 
 

Suppose a risk-free asset exists, and suppose that this asset has expected return rf. Let M 

be the efficient portfolio which is constructed using weights solved for this equation: 

𝑅 − 𝑟𝑓  =  𝑆𝑧 
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Now consider a convex combination of the portfolio M and the risk-free asset rf; for 

example, and suppose that the weight of the risk-free asset in such a portfolio is . It follows 

from the standard equations for portfolio return and σ that 

E rp = αrf +  (1 − α)E rM  

𝜍𝑃 = (1 − 𝛼)𝜍𝑚  

The locus of all such combinations for a≥0 is known as the capital market line. It is 

graphed along with the efficient frontier as follows: 

 

The portfolio M is called the market portfolio for several reasons: 

 Suppose investors agree about the statistical portfolio information (i.e., the vector of 

expected returns R and the variance-covariance matrix S). Suppose furthermore that 

investors are interested only in maximizing expected portfolio return given portfolio 

standard deviation σ. Then it follows that all optimal portfolios will lie on the CML. 

 In the case above, it further follows that the portfolio M is the only portfolio of risky 

assets included in any optimal portfolio. It must therefore include all the risky assets, 

with each asset weighted in proportion to its market value. 

It is not difficult to find M when we know rf: We merely have to solve for the efficient 

portfolio given that the constant c = rf. When rf changes, we get a different "market" 

portfolio—this is just the efficient portfolio given a constant of rf. For example, in our 

numerical example, suppose that the risk-free rate is rf = 5 percent. Then solving the system R 

− rf = Sz gives 
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When there is a risk-free asset, the following linear relationship (known as the SML-the 

security market line) holds: 

𝐸 𝑅𝑥 =  𝑟𝑓 + 𝛽𝑥(𝐸(𝑅𝑀) − 𝑟𝑓) 

Where 

𝛽𝑥 =
𝐶𝑜𝑣(𝑥, 𝑀)

𝜍𝑀
2  

Later we explore some statistical techniques for finding the SML that parallel those used 

by finance researchers. 
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14.  ESTIMATING BETAS AND THE 

SECURITY MARKET LINE 
 

 

In this chapter we look at some typical capital-market data and replicate a simple test of 

the CAPM. We have to calculate the betas for a set of assets, and we then have to determine 

the equation of the security market line (SML). The test in this chapter is the simplest 

possible test of the CAPM. There is an enormous literature in which the possible statistical 

and methodological pitfalls of CAPM tests are discussed. 

We illustrate the tests of the CAPM with a simple numerical example that uses the same 

data used in previous chapter.This example starts with rates of return on six securities and the 

S&P 500 portfolio. As a first step in analyzing thesedata and testing the CAPM, we calculate 

the mean return and the beta of each security's return, where we use thefollowing formulas: 

𝑀𝑒𝑎𝑛 𝑟𝑒𝑡𝑢𝑟𝑛 𝑓𝑜𝑟 𝑆𝑒𝑐𝑢𝑟𝑖𝑡𝑦 𝑖 = 𝐴𝑣𝑒𝑟𝑎𝑔𝑒(𝑆𝑒𝑐𝑢𝑟𝑖𝑡𝑦 𝑖′𝑠𝑅𝑒𝑡𝑢𝑟𝑛𝑠, 1972 − 1981) 

𝛽𝑖 =
𝐶𝑜𝑣𝑎𝑟(𝑆𝑒𝑐𝑢𝑟𝑖𝑡𝑦 𝑖′𝑠𝑟𝑒𝑡𝑢𝑟𝑛, 𝑆&𝑃500 𝑟𝑒𝑡𝑢𝑟𝑛𝑠)

𝑉𝑎𝑟𝑝(𝑆&𝑃500 𝑅𝑒𝑡𝑢𝑟𝑛𝑠)
 

Here Average, Covar, and Varp are Excel functions on the column vectors of returns. 

Calculating these statistics gives the results in the following spreadsheet. Note that the βsp500 = 

1, which is the way it should be if the S&P 500 is the market portfolio. Also note that instead 

of calculating the β using the Covar( ) and Varp( ) functions, we can also use Excel's Slope( 

) function. 
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The CAPM's security market line postulates that the mean return of each security should 

be linearly related to its beta. Assuming that the historic data provide an accurate description 

of the distribution of future returns, we postulate that E (Ri) = α + βiΠ + εi. In the second step 

of our test of the CAPM, we examine this hypothesis by regressing the mean returns on 

the βs. 

Excel offers us several ways of producing regression output. A simple way is to use the 

functions Intercept( ), Slope ( ), and Rsq( ) to produce the basic ordinary least-squares 

results: 

 
 

These results suggest that the SML is given by E(Ri) = α + βiP, where α = 0.0766 and P = 

0.0545. The R
2
 of the regression (the percentage of the variability in the means explained by 

the betas) is 28 percent. We can also use Tools|Data Analysis|Regression to produce a new 

worksheet that has much more output. 

However, this tool will only work if the data are in columns, so we first rewrite the 

data as 

 

Here is some sample output: 
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Both the standard error figures and the t-statistics show that neither α nor Π is 

significantly different from zero. The command that produced this output looks like this: 

 
 

As discussed Excel has two functions that give the variance: Var(array) gives the 

sample variance and Varp(array) gives the population variance. We use the latter function 

here. 

 

The previous section showed a specific numerical example in which we used some data 

to test the CAPM. In thissection we summarize what we did in previous section. Tests of the 

CAPM start with return data on a set of assets. The steps in the test are as follows: 

 Determine a candidate for the market portfolio M. In the preceding example, we used 

the Standard & Poor's 500 Index (SP500) as a candidate for M. This is a critical step: 

In principle, the "true" market portfolio should contain all the market's risky assets in 
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proportion to their value. It is clearly impossible to calculate this theoretical market 

portfolio, and we must therefore make do with a surrogate.  

 For each of the assets in question, determine the asset beta (β). 

 Regress the mean returns of the assets on their respective betas; this step should give 

the security market line (SML). 

Our "test" yielded the following SML: 

𝐸 𝑟𝑖 = 7.66% + 5.45%𝛽𝑖  

If the intercept is the risk-free rate (or the return on the zero-beta portfolio), then the 

expected return on the market isE(rm) =7.66% + 5.45% = 13.11%. 
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15.  EFFICIENT PORTFOLIOS WITHOUT 

SHORT SALES 
 

 

Earlier we discussed the problem of finding an efficient portfolio. As shown there, this 

problem can be written as finding a tangent portfolio on the envelope of the feasible set of 

portfolios: 

 

Our conditions for solving for such an efficient portfolio involved finding the solution to 

the following problem: 

𝑀𝑎𝑥Θ =
𝐸(𝑟𝑥) − 𝑐

𝜍𝑝
 

such that 

 𝑥𝑖 = 1

𝑁

𝑖=1

 

Where 

𝐸 𝑟𝑥 =  𝑥𝑖𝐸(𝑟𝑖)

𝑁

𝑖=1

= 𝑥𝑇𝑅 
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𝜍𝑝  =   𝑥𝑇𝑆𝑥 =     𝑥𝑖𝑥𝑗𝜍𝑖𝑗

𝑁

𝑗=1

𝑁

𝑖=1

 

Solutions to the maximization problem allownegative portfolio proportions; when xi < 0, 

this is equivalent to the following assumptions: 

 The ith security is sold short by the investor. 

 The proceeds from this short sale become immediately available to the investor. 

Reality is, of course, considerably more complicated than this academic model of short 

sales. In particular, it is rarefor all of the short-sale proceeds to become available to the 

investor at the time of investment, since brokeragehouses typically escrow some or even all of 

the proceeds. It may also be that the investor is completely prohibitedfrom making any short 

sales (indeed, most small investors seem to proceed on the assumption that short sales 

areimpossible). 

In this chapter we investigate these problems. We show how to use Excel's Solver to find 

efficient portfolios of assetswhen we restrict short sales.[1] Although the solutions are not 

perfect (in particular, they take too much time), theyare instructive and easy to follow. 

We start with the problem of finding an optimal portfolio when there are no short sales 

allowed. The problem wesolve is similar to the maximization problem stated previously, with 

the addition of the short sales constraint: 

𝑀𝑎𝑥𝛩 =
𝐸(𝑟𝑥) − 𝑐

𝜍𝑝
 

such that 

𝑥𝑖 ≥ 0, 𝑖 = 1,2, …𝑁 

 𝑥𝑖 = 1

𝑁

𝑖=1

 

Where 

𝐸 𝑟𝑥 =  𝑥𝑖𝐸(𝑟𝑖)

𝑁

𝑖=1

= 𝑥𝑇𝑅 

𝜍𝑝  =   𝑥𝑇𝑆𝑥 =     𝑥𝑖𝑥𝑗𝜍𝑖𝑗

𝑁

𝑗=1

𝑁

𝑖=1

 

Our problem can be solved in Excel using Tools|Solver. We illustrate with the following 

numerical example, inwhich there are only four risky assets: 



 

98 

 

 

In order to solve the portfolio problem with no short sales, we set up the following 

spreadsheet (which also illustratesa solution to the problem for the c = 9 percent): 

 

The solution was achieved by use the Tools|Solver feature of Excel. The first time we 

bring up the Solver, we createthe following dialogue box: 
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The nonnegativity constraints can be added by clicking on the Add button in the 

preceding dialogue box to bring upthe following window (shown here filled in): 

 

The second constraint (which constrains the portfolio proportions to sum to 1) is added in 

a similar fashion.By changing the value of c in the spreadsheetwe can compute other 

portfolios; in the following example, we haveset the constant c equal to 8.50 percent. 



 

100 

 

 

In both examples, the short-sale restriction is effective: In the first example both x1 and x2 

are equal to zero, whereasin the second example x1 equals zero. However, not all values of c 

give portfolios in which the short-sale constraint iseffective. For example, if the constant is 8 

percent, we get 

 

As c gets lower, the short-sale constraint begins to be effective with respect to asset 4. 

For example, when c = 3percent, 
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For very high cs (the next case illustrates c = 11 percent) only asset 4 is included in the 

maximizing portfolio: 

 

If Tools|Solver doesn't work, you may not have loaded the Solver add-in. To do so, go to 

Tools|Add-ins and clicknext to the Solver Add-in. 

 
Financial Modeling, 2

nd
 ed., Simon Benninga, 2000; Chapter 11, pp.164-174 

Investments, 8
th

ed., Zvi Bodie, Alex Kane, Alan J. Marcus, 2009; Chapter 7 

  



 

102 

 

16.  VALUE-AT-RISK 
 

 

Value-at-Risk (VaR) measures the worst expected loss under normal market conditions 

over a specific time intervalat a given confidence level. VaR answers the question: How 

much can I lose with x percent probability over a presethorizon? Another way of expressing 

this idea is that VaR is the lowest quantile of the potential losses that can occurwithin a given 

portfolio during a specified time period. The basic time period T and the confidence level (the 

quantile)q are the two major parameters that should be chosen in a way appropriate to the 

overall goal of risk measurement.The time horizon can differ from a few hours for an active 

trading desk to a year for a pension fund. When theprimary goal is to satisfy external 

regulatory requirements, such as bank capital requirements, the quantile is typicallyvery small 

(for example, 1 percent of worst outcomes). However, for an internal risk management model 

used by acompany to control the risk exposure, the typical number is around 5 percent. 

In the jargon of VaR, suppose that a portfolio manager has a daily VaR equal to $1 

million at 1 percent. Thisstatement means that there is only one chance in 100 that a daily loss 

bigger than $1 million occurs under normalmarket conditions. 

Suppose a manager has a portfolio that consists of a single asset. The return of the asset is 

normally distributed withmean return 20 percent and standard deviation 30 percent. The value 

of the portfolio today is $100 million. We wantto answer various simple questions about the 

end-of-year distribution of portfolio value: 

 What is the distribution of the end-of-year portfolio value? 

 What is the probability of a loss of more than $20 million dollars by year-end (i.e., 

what is the probability that the end-of-year value is less than $80 million)? 

 With 1 percent probability what is the maximum loss at the end of the year? This is 

the VaR at 1 percent. 

The probability that the end-of-year portfolio value is less than $80 million is about 37 

percent. ("Million" is omitted inthe example.) 

 

Here's the way the screen looks when we apply the NormDist function: 
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This picture shows that the Excel function Normdist can give both the cumulative 

normal distribution and theprobability mass function. Using the latter option and a data table 

gives the standard bell-shaped graph: 
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With a probability of 1 percent the end-of-year portfolio value will be less than 50.20865; 

thus the VaR of thedistribution is 100 − 50.20865 = 49.79135. 

 

The cutoff is known as the quantile of the distribution. We found this solution by using 

Excel's Solver: 
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We can use Solver to find the quantiles for any distribution. For Normal Distribution 

Excel has built in functions that find the quantile. These functions—Norminv and 

Normsinv—find the inverse for the normal and standard normal. 

Here's an example for the numbers that we've been using; this time we have written the 

function Norminv(0.01,(1+B3)*B5,B5*B4) in cell B6. This function finds the cutoff point for 

which the normal distribution with a mean of 120 and astandard deviation of 30 has 

probability of 1 percent. You can see this point on the following graph, which shows partof 

the cumulative distribution: 
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The lognormal distribution is a more reasonable distribution for many asset prices (which 

cannot become negative)than the normal distribution. Suppose that the return on the portfolio 

is normally distributed with annual mean μ andannual standard deviation σ. Furthermore, 

suppose that the current value of the portfolio is given by V0 . Then it follows that the 

logarithm of the portfolio value at time T, VT, is normally distributed: 

ln(𝑉𝑇)~𝑁𝑜𝑟𝑚𝑎𝑙  ln 𝑉0 +  𝜇 −
𝜍2

2
 𝑇, 𝜍 𝑇  

Suppose, for example, that V0 = 100, μ = 10 percent, and σ = 30 percent. Thus the end-

of-year log of the portfoliovalue is distributed normally: 

ln(VT)~Normal  ln 100 +  0.10 −
0.32

2
 , 0.3  

Thus a portfolio whose initial value is $100 million and whose annual returns are 

lognormally distributed withparameters μ = 10 percent and σ = 30 percent, has an annual VaR 

equal to $47.42 million at 1 percent: 
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Most VaR calculations are not concerned with annual value at risk. The main regulatory 

and management concern iswith loss of portfolio value over a much shorter time period 

(typically several days or perhaps weeks). It is clear thatthe distribution formula: 

ln(VT)~Normal  ln V0 +  μ −
σ2

2
 T, σ T  

can be used to calculate the VaR over any horizon. Recall that T is measured in annual terms; 

if there are 250business days in a year, then the daily VaR corresponds to T = 1/250 (for 

many fixed-income instruments one shoulduse 1/360, 1/365, or 1/365.25 depending on the 

market convention). 

 

As can be seen from the preceding examples, VaR is not—in principle, at least—a very 

complicated concept. In theimplementation of VaR, however, there are two big practical 

problems: 

1. The first problem is the estimation of the parameters of asset return distributions. In "real-

world" applicationsof VaR, it is necessary to estimate means, variances, and correlations 

of returns. This is a not-inconsiderableproblem! In this section we illustrate the 

importance of the correlations between asset returns. In the followingsection we give a 

highly simplified example of the estimation of return distributions from market data. 

Forexample, you can imagine that a long position in euros and a short position in U.S. 

dollars is less risky than aposition in only one of the currencies, because of a high 

probability that profits of one position will be mainlyoffset by losses of another. 

2. The second problem is the actual calculation of position sizes. A large financial 

institution may havethousands of loans outstanding. The database of these loans may not 

classify them by their riskiness, noreven by their term to maturity. Or—to give a second 

example—a bank may have offsetting positions in foreigncurrencies at different branches 

in different locations. A long position in deutschemarks in New York may beoffset by a 



 

108 

 

short position in deutschemarks in Geneva; the bank's risk—which we intend to measure 

by VaR—is based on the net position.We start with the problem of correlations between 

asset returns.  

We continue the previous example, but assume thatthere are three risky assets. As before, 

the parameters of the distributions of the asset returns are known: all themeans, μ1, μ2, μ3, as 

well as the variance-covariance matrix of the returns: 

𝑆 =  

𝜍11 𝜍12 𝜍13

𝜍21 𝜍22 𝜍23

𝜍31 𝜍32 𝜍33

  

The matrix S is of course symmetric, with μi the variance of the ith asset's return and σij 

the covariance of the returnsof assets i and j (if i = j, σij is the variance of asset i's return). 

Suppose that the total portfolio value today is $100 million, with $30 million invested in 

asset 1, $25 million in asset 2,and $45 million in asset 3. Then the return distribution of the 

portfolio is given by 

𝑀𝑒𝑎𝑛 𝑅𝑒𝑡𝑢𝑟𝑛 =   𝑥1 𝑥2 𝑥3  

𝜇1

𝜇2

𝜇3

 = 𝑥1𝜇1 + 𝑥2𝜇2 + 𝑥3𝜇3 

𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑜𝑓 𝑅𝑒𝑡𝑢𝑟𝑛 =  𝑥1 𝑥2 𝑥3 𝑆 𝑥1 𝑥2 𝑥3 𝑇  

Where x = {x1, x2, x3} = {0.3, 0.25, 0.45} is the vector of proportions invested in each of the 

three assets. Assumingthat the returns are normally distributed (meaning that prices are 

lognormally distributed), we may calculate the VaRas in the following spreadsheet fragment: 

 
 

Sometimes it helps to simulate data. In this section we give an example. Suppose that the 

current date is February10, 1997, and consider a firm that has an investment in two assets: 

 It is long two units of an index fund. The fund's current market price is 293, so that 

the investment in the index fund is worth 2 * 293 = 586. 
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 It is short a foreign bond denominated in rubles. The bond is a zero-coupon bond 

(i.e., pays no interest), has face value of 100 rubles and maturity of May 8, 2000. If 

the current ruble interest rate is 5.30 percent, then the February 10, 1997, ruble value 

of the bond is −100 * exp [−5.30 percent * (May 8, 2000 − Feb. 10, 1997)/365] = 

−84.2166 

In dollars, the value of the bond is −84.2166 * 3.40 = −286.3365, so that the net portfolio 

value is 586 − 286.3365 =299.66. 

This example is illustrated in the following display: 

 

Now suppose we have exchange-rate and index data. 

 
 

We want to use these data as a basis for generating "random" return data. We illustrate 

one technique for doing so,called bootstrapping. This term refers to random reshufflings of 

the data. For eachiteration, we reorder the series ofindex prices, interest rates, and exchange 

rates and calculate the return on the portfolio for some date in future. We need to iterate 

random numbers for each variable and lookup value in first table. 
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The bootstrapped return data look like this: 

 

The graph on the right indicates the return distribution, which is far from normal. From 

columns M and O, you cantell that the 5 percent VaR is about −10 percent, meaning that with 

a probability of 5 percent, the firm could lose 10 percent of its investment. 

 

Financial Modeling, 2
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17.  THE BINOMIAL OPTION-PRICING 

MODEL 
 

 

Here we discuss the binomial option pricingmodel, with which we can compute the price 

of an option, given the characteristics ofthe stock or other underlying asset. 

The binomial option pricing model assumes that, over a period of time, the price ofthe 

underlying asset can move only up or down by a specified amount-that is, the assetprice 

follows a binomial distribution. Given this assumption, it is possible to determinea no-

arbitrage price for the option. Surprisingly, this approach, which appears at firstglance to be 

overly simplistic, can be used to price options, and it conveys much of theintuition underlying 

more complex (and seemingly more realistic) option pricing models.  

Because of its usefulnesswe will see how the binomial model works and use it to price 

bothEuropean and American call and put options.As part of the pricing analysis, we will also 

see how market-makers can create optionssynthetically using the underlying asset and risk-

free bonds.  

Next to the Black-Scholes model, the binomial option-pricing model is probably the most 

widely used option-pricing model. It has many advantages: It is a simple model that is easily 

programmed and adapted to numerous, and often quite complicated, option-pricing problems. 

In addition, it gives many insights into option pricing. When extended to many periods, the 

binomial model becomes one of the most powerful ways of valuing securities like options 

whose payoffs are contingent on the market prices of other assets. 

 

 

AOne-Period Binomial Tree 

To illustrate the use of the binomial model, we start with the following very simple 

example: 

 There are two dates: date 0 represents today, and date 1 is one year from now 

 There are two "fundamental" assets: a stock and a bond. There is also a call option 

written on the stock 

 The stock price today is $50. At date 1 it will either be 55 or 48.5 

 The one-period interest rate, r is 6 percent 

 The call option matures at date 1 and has exercise price K = $50 

Here is a picture from a spreadsheet that embodies this model: 
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We wish to price the call option. We do so by showing that there is a combination of the 

bonds and stocks that exactly replicates the call option's payoffs. To show this fact, we use 

some basic linear algebra; suppose we find Δshares of the stock and B bonds such that 

55Δ+ 1.06B = 5 

48.5 Δ+ 1.06B = 0 

This system of equations solves to give Δ= 0.769231, B = −35.1959. Thus purchasing 

0.77 of a share of the stock and borrowing $35.20 at 6 percent for one period will give 

payoffs of $5 if the stock price goes up and $0 if the stock price goes down — the payoffs of 

the call option. It follows that the price of the option must be equal to the cost of replicating 

its payoffs; that is, 

Call option price = 0.7692 * $50 − $35.1959 = $3.2656 

Here is a picture from a spreadsheet that embodies this result: 

 

This logic is called pricing by arbitrage: If two assets or sets of assets (in our case—the 

call option and the portfolio of 0.77 of the stock and −$35.20 of the bonds) have the same 

payoffs, they must have the same market price. 

 

 

The Binomial Solution 

In the preceding example, how did we know that buying 0.77 of a share of stock and 

borrowing $35.20 would replicate a call option? 

We have two instruments to use in replicating a call option: shares of stock and aposition 

in bonds (i.e., borrowing or lending). To find the replicating portfolio, we needto find a 

combination of stock and bonds such that the portfolio mimics the option.To be specific, we 
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wish to find a portfolio consisting of Δ shares of stock and adollar amount B in lending, such 

that the portfolio imitates the option whether the stock rises or falls. 

We can write the stock price as Su when the stock goes up and as Sd when theprice goes 

down and represent the stock price tree as follows: 

 

 Su 

S  

 Sd 

 

In this tree u(the up factor) is interpreted as one plus the rate of capital gain on the stock 

if it goes up, and d(the down factor) is one plus the rate of capital loss if it goes down. 

Let Cu, and Cd represent the value of the option when the stock goes up or down, 

respectively. The tree for the stock implies a corresponding tree for the value of theoption: 

 

 Cu 

C  

 Cd 

  

If the length of a period is T, the interest factor per period is e
rT

. The problem is to solvefor Δ 

and B such that our portfolio of Δ shares and B in lending duplicates the optionpayoff. The 

value of the replicating portfolio at time T, with stock price ST, is 

∆𝑆𝑇 + 𝑒𝑟𝑇𝐵 

And a successful replicating portfolio will satisfy 

∆𝑆𝑢 + 𝑒𝑟𝑇𝐵 = 𝐶𝑢  
∆𝑆𝑑 + 𝑒𝑟𝑇𝐵 = 𝐶𝑑  

Solving for Δ and B gives 

∆=
Cu − Cd

S u − d 
 

B = erT
uCd − dCu

u − d
 

Thus, the cost of the option is ΔS + B 

C = ∆S + B = e−rT  Cu

erT − d

u − d
+ Cd

u − erT

u − d
  

As a fact 

erT − d

u − d
+

u − erT

u − d
= 1 

So, by assigning 

p∗ =
erT − d

u − d
 and q∗ =

u − erT

u − d
= 1 − p∗ 



 

114 

 

We can rewrite option pricing formula using assigned probabilities as: 

C = ∆S + B = e−rT p∗Cu + q∗Cd  

Thus, the option price is the present value of the expected value of option next period using 

assigned probabilities p* and q*. 

 

 

Arbitraging a Mispriced Option 

The following examples illustrate that if the option price is anything other than ΔS + B, 

arbitrage is possible. 

 

 

The option is overpriced  

Suppose that the market price for the option is $4, instead of $3.26.If we simultaneously 

sell the actual option and buy thesynthetic, the initial cash flow is 

 

$4 
𝑅𝑒𝑐𝑒𝑖𝑣𝑒  𝑜𝑝𝑡𝑖𝑜𝑛  𝑝𝑟𝑒𝑚𝑖𝑢𝑚

−    0.7692 × $50         
𝐶𝑜𝑠𝑡  𝑜𝑓  𝑠𝑎𝑟𝑒𝑠

   +   $35.20     
𝐵𝑜𝑟𝑟𝑜𝑤𝑖𝑛𝑔

= $0.74 

 

We earn $0.74, the amount by which the option is mispriced.Now we verify that there is 

no risk at expiration. We have 

 

 Stock Price in 1 Year (S1) 

 $48.5 $55 

Written call 0 -5 

0.77 purchased shares 37.31 42.31 

Repay loan on 35.20 -37.31 -37.31 

Total Payoff 0 0 

 

By hedging the written option, we eliminate risk. 

 

 

The option is underpriced  

Now suppose that the market price of the option is $3.We can hedge by selling a 

syntheticoption. We accomplish this by reversing the position for a synthetic purchased call: 

Weshort 0.77 shares and invest $35.20 of the proceeds in Treasury bills. The cost of this is 

 

−$3 
Option  premium

+   0.7692 × $50         
Short −sale  proceeds

  −   $35.20     
Invest  in  T−bills

= $0.26 

 

At expiration we have 

 

 



 

115 

 

 Stock Price in 1 Year (S1) 

 $48.5 $55 

Purchased call 0 +5 

0.77 short-sold shares -37.31 -42.31 

Sell T-bill of 35.20 +37.31 +37.31 

Total Payoff 0 0 

 

We have earned $0.26, the amount by which the option was mispriced and hedged the 

risk associated with buying the option. 

 

 

Multiperiod Binomial Model 

The binomial model can easily be extended to more than two periods. Consider, for 

example, a three-period binomialmodel that has the following characteristics: 

 In each period the stock price goes up by u = 1.1 or down by d = 0.97 from what it 

was in the previous period. 

 In each period the interest rate is 6 percent. 

We can now use these characteristics to price a call option written on the stock after two 

periods. As before, we assumethat the stock price is $50 initially and that the call exercise 

price K is 50 after two periods. These assumptions givethe following picture: 

 

How was the call option price of 5.749 determined? To make this determination, we go 

backward, starting at period2: 

 

At date 2: At the end of two periods the stock price is either $60.50 (corresponding to two 

"up" movements in theprice), $53.35 (one "up" and one "down" movement), or $47.05 (two 

"down" movements in the price). Given the exercise price of K = 50, therefore, the terminal 

option payoff in period 2 is either $10.50, $3.35, or $0. 
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At date 1: At date 1, there are two possibilities: The first is that we have reached an "up" state, 

in which case thecurrent stock price is $55 and the option will pay off $10.50 or $3.35 in the 

next period: 

 

    10.5 

    ???  

   3.35 

 

Using either assigned probabilities p* and q*or replicating portfolio with Δ shares and B 

bonds, the option price at ―up‖ state is: 

𝑝𝑒𝑟𝑖𝑜𝑑 1 𝑜𝑝𝑡𝑖𝑜𝑛 𝑝𝑟𝑖𝑐𝑒 𝑎𝑡 "𝑢𝑝" 𝑠𝑡𝑎𝑡𝑒 =
1

(1 + 6%)
 10.5 × 69.23% + 3.35 × 30.77% 

= 7.83 

𝑝𝑒𝑟𝑖𝑜𝑑 1 𝑜𝑝𝑡𝑖𝑜𝑛 𝑝𝑟𝑖𝑐𝑒 𝑎𝑡 "𝑢𝑝" 𝑠𝑡𝑎𝑡𝑒 = 1 × 55 + 47.17 = 7.83 

The second possibility is that we are in the "down" state of period 1: 

 

    3.35 

    ???   

   0 

 

Similarly: 

𝑝𝑒𝑟𝑖𝑜𝑑 1 𝑜𝑝𝑡𝑖𝑜𝑛 𝑝𝑟𝑖𝑐𝑒 𝑎𝑡 down𝑠𝑡𝑎𝑡𝑒 =
1

 1 + 6% 
 3.35 × 69.23% + 0 × 30.77% = 7.83 

𝑝𝑒𝑟𝑖𝑜𝑑 1 𝑜𝑝𝑡𝑖𝑜𝑛 𝑝𝑟𝑖𝑐𝑒 𝑎𝑡 "𝑑𝑜𝑤𝑛" 𝑠𝑡𝑎𝑡𝑒 = 0.53132 × 48.5 − 23.58127 = 2.188 

At date 0: Going backwards in this way, we've now filled in the following picture: 

 

  10.5 

 7.83  

???  3.35 

 2.188  

  0 

 

Thus at period 0 the buyer of an option owns a security that will be worth $7.83 if the 

underlying stock has an "up"movement in its return and that will be worth $2.188 if the stock 

has a "down" movement in its return. We can again use the expected value or replicating 

portfolio principle to value this option: 

𝑝𝑒𝑟𝑖𝑜𝑑 0 𝑜𝑝𝑡𝑖𝑜𝑛 𝑝𝑟𝑖𝑐𝑒 =
1

(1 + 6%)
 7.83 × 69.23% + 2.188 × 30.77% = 7.83 

𝑝𝑒𝑟𝑖𝑜𝑑 0 𝑜𝑝𝑡𝑖𝑜𝑛 𝑝𝑟𝑖𝑐𝑒 = 0.86803 × 50 − 37.6526 = 5.749 

It is clear that the logic of the example can be extended tomany periods. 
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Pricing American Options Using the Binomial Pricing Model 

An American option can be exercised at or prior to the maturity date of the option. This 

provides the practical need for binomial tree methods which easily accommodate 

possibleearly exercise.The binomial tree method provides the value of the American option 

by comparing thevalue of the European version of the option with the value of intermediate 

exercise foreach node in the tree. 

The value of the option if it is left"alive" (i.e., unexercised, often called ―option to wait‖) 

is given by the value of holding it for another period. The value of the option if it is exercised 

is given by max(O, S - K) if it is a calland max(O, K - S) if it is a put.Thus, for an American 

option, the value at a node is given by: 

max  𝑒𝑥𝑒𝑟𝑐𝑖𝑠𝑒 𝑣𝑎𝑙𝑢𝑒, 𝑢𝑛𝑒𝑥𝑒𝑟𝑐𝑖𝑠𝑒𝑑 𝑣𝑎𝑙𝑢𝑒  

As an example, we will consider 2-period binomial tree for pricing an American 

putoption that assumes: stock price, S = $41, exercise price, K = 40, ―up‖ factor, u = 1.57, 

―down‖ factor, d = 0.64, risk-free rate, r = 0.08 and time to expiration, T = 2 years implying 1 

year binomial periods. For an American put, the value of the option, P at each node is 

given by: 

P = max K − S, e−r p∗Pu + q∗Pd   

Below is the binomial tree for American put compared to European put under the same 

assumptions: 

 

As expected American option is more expensive than European and this difference occurs 

due to early exercise option value. In the above example, early exercise occurs when stock 

price decreases to 26.14 in the next period. At that node, Sd value of American put option is 

13.86 compared to European put option value of 11.22; this makes the difference in prices of 

American and European put of 1.23 (6.67 – 5.4).  

 
Financial Modeling, Second Edition, Simon Benninga; MIT Press 2000, pp. 210-220 

Derivatives Markets, Second Edition, Robert L. McDonald; Pearson Education Inc. 2006,  

pp. 313-321 

Advanced Modeling in Finance using Excel and VBA, Mary Jackson and Mike Staunton;John 

Wiley & Sons, Ltd 2001, pp. 167-184 
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18.  THE BLACK-SCHOLES MODEL 
 

 

In a famous paper published in 1973, Fisher Black and Myron Scholes proved a formula 

for pricing European call and put options on non-dividend-paying stocks. Their model is 

probably the most famous model of modern finance. The Black-Scholes formula is relatively 

easy to use, and it is often an adequate approximation to the price of more complicated 

options. 

Here we‘ll make no pretense at a full-blown development of the model; this would 

require knowledge of stochastic processes and a not-inconsiderable mathematical investment. 

Instead, we shall describe the mechanics of the model and show how to implement it in Excel. 

The Black-Scholes formula coincides with the binominal option-pricing model formula when:  

a. The length of a typical period → 0,  

b. The "up" and the "down" moves in the binominal model converge to a lognormal 

price processes, and 

c. The term structure of interest rates is flat. 

 

The Black-Scholes Formula 

Consider a stock whose price is lognormally distributed. The Black-Scholes model uses 

the following formula to pricecalls on the stock: 

𝐶 = 𝑆𝑁 𝑑1 − 𝐾𝑒−𝑟𝑇𝑁 𝑑2  

Where 

𝑑1 =
𝑙𝑛  

𝑆

𝐾
 +  𝑟 +

𝜍2

2
 𝑇

𝜍 𝑇
 

𝑑2 = 𝑑1 − 𝜍 𝑇 

Here C denotes the price of a call, S is the price of the underlying stock, K is the exercise 

price of the call, T is thecall's time to exercise, r is the interest rate, and σ is the standard 

deviation of the logarithm of the stock's return. N( )denotes a value of the standard normal 

distribution. It is assumed that the stock will pay no dividends before date T.By the put-call 

parity, a put with the same exercise date T and exercise price K written onthe same stock will 

have price P = C − S + X e
−rT

. Substituting for C in this equation and doing some algebra 

givesthe Black-Scholes put-pricing formula: 

𝑃 = 𝐾𝑒−𝑟𝑇𝑁 −𝑑2 − 𝑆𝑁 −𝑑1  

Implementing the Black-Scholes Formulas in a Spreadsheet 

The Black-Scholes formulas for call and put pricing are easily implemented in a 

spreadsheet. The following exampleshows how to calculate the price of a call option written 
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on a stock whose current S = 25, when the exercise price K= 25, the annualized interest rate r 

= 6 percent, and σ = 30 percent. The option has T = 0.5 years to exercise. Notethat all three of 

the parameters, T, r, and σ are assumed to be in annual terms. 

  

Note that we have calculated the put price twice: Once by using put-call parity, the 

second time by the direct Black – Scholes formula. 

We can use this spreadsheet to do the usual sensitivity analysis. For example, the 

following Data/Table gives—as the stock price S varies—the Black-Scholes value of the call 

compared to its intrinsic value[max (S − K, 0)].  
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Option Greeks 

Option Greeks are formulas that express the change in the option price when an inputto 

the formula changes, taking as fixed all the other inputs.Specifically, the Greeks are 

mathematical derivatives of the option price formula with respect to theinputs. 

The Black–Scholes formula has as its inputs the current share price S, the interest rater, 

the option life, and the volatility σ amongst other factors. One way to quantify theimpact of 

changes in the inputs on the option value is to calculate the so-called option‗greeks‘ or hedge 

parameters. The most commonly calculated hedge parameters are thefirst-order derivatives: 

delta (Δ) (for change in share price), rho (ρ) (for change in interest rate),theta (ϴ) (for change 

in option life) and vega (for change in volatility). The second-orderderivative with respect to 

share price, called gamma (Γ), is also calculated. Apart from theta,the hedge parameters are 

represented by straightforward formulas. The Black–Scholespartial differential equation links 

theta with the option value, its delta and its gamma. 

One important use ofGreek measures is to assess risk exposure. For example, a market-

making bank with a portfolio of options would want to understand its exposure to stock price 

changes, interest rates, volatility, etc. A portfolio manager wants to know what happens to 

thevalue of a portfolio of stock index options if there is a change in the level of the 

stockindex. An options investor would like to know how interest rate changes and volatility 

changes affect profit and loss.  

Keep in mind that the Greek measures by assumption change only one input at atime. In 

real life, we would expect interest rates and stock prices, for example, to change together. The 

Greeks answer the question, what happens when one and only one input changes. 

 

Delta (Δ) 

Delta measures the change in the option price for a $1 change in the stock price: 

𝐶𝑎𝑙𝑙 𝑑𝑒𝑙𝑡𝑎 =  
𝜕𝐶 𝑆, 𝐾, 𝜍, 𝑟, 𝑇 − 𝑡, 𝛿 

𝜕𝑆
= 𝑒−𝛿 𝑇−𝑡 𝑁 𝑑1  

𝑃𝑢𝑡 𝑑𝑒𝑙𝑡𝑎 =  
𝜕𝑃 𝑆, 𝐾, 𝜍, 𝑟, 𝑇 − 𝑡, 𝛿 

𝜕𝑆
= −𝑒−𝛿 𝑇−𝑡 𝑁 −𝑑1  

 

Gamma (Γ) 

Gamma measures the change in delta when the stock price changes: 

𝐶𝑎𝑙𝑙 𝑔𝑎𝑚𝑚𝑎 =
𝜕2𝐶 𝑆, 𝐾, 𝜍, 𝑟, 𝑇 − 𝑡, 𝛿 

𝜕2𝑆2
=

𝑒−𝛿 𝑇−𝑡 𝑁′ 𝑑1 

𝑆𝜍 𝑇 − 𝑡
 

𝑃𝑢𝑡 𝑔𝑎𝑚𝑚𝑎 =
𝜕2𝑃 𝑆, 𝐾, 𝜍, 𝑟, 𝑇 − 𝑡, 𝛿 

𝜕2𝑆2
= 𝐶𝑎𝑙𝑙 𝐺𝑎𝑚𝑚𝑎  

The second equation follows from put-call parity. 

 



 

121 

 

Theta (ϴ) 

Theta measures the change in the option price with respect to calendar time (t), holdingfixed 

time to expiration (T): 

𝐶𝑎𝑙𝑙 𝑡𝑒𝑡𝑎 =  
𝜕𝐶 𝑆, 𝐾, 𝜍, 𝑟, 𝑇 − 𝑡, 𝛿 

𝜕𝑡

= 𝛿𝑆𝑒−𝛿 𝑇−𝑡 𝑁 𝑑1 − 𝑟𝐾𝑒−𝑟 𝑇−𝑡 𝑁 𝑑2 −
𝐾𝑒−𝑟(𝑇−𝑡)𝑁′(𝑑2)𝜍

2 𝑇 − 𝑡
 

𝐶𝑎𝑙𝑙 𝑡𝑒𝑡𝑎 =  
𝜕𝑃 𝑆, 𝐾, 𝜍, 𝑟, 𝑇 − 𝑡, 𝛿 

𝜕𝑡
= 𝐶𝑎𝑙𝑙 𝑡𝑒𝑡𝑎 + 𝑟𝐾𝑒−𝑟 𝑇−𝑡 − 𝛿𝑆𝑒−𝛿 𝑇−𝑡  

If time to expiration is measured in years, theta will be the annualized change in 

theoption value. To obtain a per-day theta, divide by 365. 

 

Vega 

Vega measures the change in the option price when volatility changes. Some writers also use 

the terms lambda or kappa to refer to this measure: 

𝐶𝑎𝑙𝑙 𝑣𝑒𝑔𝑎 =  
𝜕𝐶 𝑆, 𝐾, 𝜍, 𝑟, 𝑇 − 𝑡, 𝛿 

𝜕𝜍
= 𝑆𝑒−𝛿 𝑇−𝑡 𝑁′ 𝑑1  𝑇 − 𝑡 

𝑃𝑢𝑡 𝑣𝑒𝑔𝑎 =  
𝜕𝑃 𝑆, 𝐾, 𝜍, 𝑟, 𝑇 − 𝑡, 𝛿 

𝜕𝜍
= 𝐶𝑎𝑙𝑙 𝑉𝑒𝑔𝑎 

It is common to report Vega as the change in the option price per percentage point change 

in the volatility. This requires dividing the Vega formula above by 100. 

 

Rho (ρ) 

Rho is the partial derivative of the option price with respect to the interest rate: 

𝐶𝑎𝑙𝑙 𝑟𝑜 =  
𝜕𝐶 𝑆, 𝐾, 𝜍, 𝑟, 𝑇 − 𝑡, 𝛿 

𝜕𝑟
=  𝑇 − 𝑡 𝐾𝑒−𝑟 𝑇−𝑡 𝑁 𝑑2  

𝑃𝑢𝑡 𝑟𝑜 =  
𝜕𝑃 𝑆, 𝐾, 𝜍, 𝑟, 𝑇 − 𝑡, 𝛿 

𝜕𝑟
= − 𝑇 − 𝑡 𝐾𝑒−𝑟 𝑇−𝑡 𝑁 −𝑑2  

These expressions for rho assume a change in r of 1.0. We are typically interested in 

evaluating the effect of a change of 0.01 (100 basis points) or 0.0001 (1 basis point). Toreport 

rho as a change per percentage point inthe interest rate, divide this measure by100. To 

interpret it as a change per basis point, divide by 10,000. 

In above example, where S = 25, K= 25, r = 0.06, and σ = 0.30 and T = 0.5, we get the 

following greeks: 
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\Note that N’(x) is: 

1

 2𝜋
𝑒−

𝑥2

2  

 

Financial Modeling, Second Edition, Simon Benninga; MIT Press 2000, pp. 247-257 

Derivatives Markets, Second Edition, Robert L. McDonald; Pearson Education Inc. 2006, 

 pp. 410-412 
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19.  REAL OPTIONS 
 

 

The standard net present values (NPV) analysis of capital budgeting values a project by 

discounting its expectedcash flows at a risk-adjusted cost of capital. This technique is by far 

the most widely used technique for evaluatingcapital projects. However, standard NPV 

analysis doesnot take account of the flexibility inherent in the capital budgeting process. Part 

of the complexity of the capitalbudgeting process is that we can change our decision 

dynamically, depending on the circumstances. 

Many of the most important decisions that firms make concern real assets, a term that 

broadly encompasses factories,mines, office buildings, research and development, and other 

nonfinancial firm assets. We will see that it is possible to analyze investment and operating 

decisions for real assets using pricing models developed for financial options.To illustrate 

how it can be possible to evaluate an investment decision as an option,consider a firm that is 

deciding whether or not to build a factory. Compare the followingtwo descriptions: 

 A call option is the right to pay a strike price to receive the present value of a stream 

of future cash flows (represented by the price of underlying asset). 

 An investment project is the right to pay an investment cost to receive the present 

value of a stream of future cash flows (represented by the present value of the 

project). 

So we have: 

 

 Investment Project  Call Option 

Investment Cost = Strike Price 

Present Value of The Project = Price of Underlying Asset 

 

This comparison suggests that we can view any investment project as a call option, with 

the investment cost equal to the strike price and the present value of cash flows equalto the 

asset price. The exploitation of this and other analogies between real investmentprojects and 

financial options has come to be called real options, which we define asthe application of 

derivatives theory to the operation and valuation of real investment projects. Note the phrase 

"operation and valuation." We will see in this chapter that you cannot value a real asset 

without also understanding how you will operate it. Wehave encountered this link before: 

You cannot value any option without understandingwhen you will exercise it. 

 

 

Option to Choose 

Suppose a large manufacturing firm decides to hedge itself through the use of strategic 

options. Specifically it has the option to choose among threestrategies: expanding its current 

manufacturing operations, contracting its manufacturing operations, or completely 

abandoning its business unit at any time within the next five years. 
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 Suppose the firm has a current operatingstructure whose static valuation of future 

profitability using a discounted cashflow model (that is, the present value of the future cash 

flows discounted at an appropriate market risk-adjusted discount rate) is found to be $100 

million. Possible strategic decisions that the firm can choose in the future can be summarized 

as the following real options: 

 Option to Expand: The expansion option will increase the firm‘s operations by 30 

percent with a $20 million implementation cost. 

 Option to Contract: The firm has the option to contract 10 percent of its current 

operations at any time over the next five years, thereby creating an additional $25 

million in savings after this contraction. 

 Option to Abandon: By abandoning its operations, the firm can sell its business for 

$100 million. 

The most commonly used model for valuing real options is binomial lattice valuation 

constructed by Cox-Ross-Rubinstein method. Suppose we come up with the following 

parameters needed for construction of binomial tree: 

S0 – current price of underlying asset, i.e. current value of the firm, $100 million 

volatility of the logarithmic returns on the projected future cash flows, 15% 

r – risk free rate for the next five years, 5% 

T – expiration of the options, 5 years 

t – the length of one binomial step, we will use t = 1 and have a total of 5 binomial 

steps 

Besides, the model requires computation of additional parameters – up factor, u, down 

factor, d, and the risk-neutral probability, p*. According to Cox-Ross-Rubinstein: 

𝑢 = 𝑒+𝜍 𝑡 = 1.1618   and   𝑑 = 𝑒−𝜍 𝑡 =
1

𝑢
= 0.8607 

𝑝∗ =
𝑒𝑟𝑡 − 𝑑

𝑢 − 𝑑
= 0.633 

Note should be made how to calculate the volatility of the logarithmic returns on the 

projected future cash flows (―lognormal sigma‖). Most commonly used methods for 

calculating lognormal sigma are Logarithmic Stock Price Returns Approach and Logarithmic 

Present Value Returns Approach.  

 

Logarithmic Stock Price Returns Approachcalculates the volatility using historical stock 

prices and their corresponding logarithmicreturns. Starting with a series of past stock prices, 

convert them into relative returns. Then take the natural logarithms of these relative returns. 

And the standard deviation of thesenatural logarithm returns is the volatility of the cash flow 

series used in areal options analysis. This method apparently cannot be used for firms without 

stocks outstanding. 
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Logarithmic Present Value Returns Approach is used for start-ups and firms without 

outstanding stock. This method can be divided into 4 steps: 

 calculating present value of the projected future cash flows at times t = 0 and t = 1, 

i.e. S0 and S1 

 taking natural logarithm of S1 / S0, i.e. 𝑙𝑛 𝑆1 𝑆0   

 simulating the values of 𝑙𝑛 𝑆1 𝑆0   using Monte Carlo Simulation 

 taking standard deviation of simulated values 

Thus, according to this method ―lognormal sigma‖ used in the binomial tree will be the 

standard deviation of simulated logarithmic return on the present values of the projected 

future cash flows from time 0 to 1. In the spreadsheet below is an example illustrating the 

calculation of ―lognormal sigma‖ by Logarithmic Present Value Returns Approach using 10 

simulations (number of simulations is taken only for illustrative purposes): 

 

Having estimated all required parameters, we can easily model the evolution of the value 

of the firm (underlying asset) over time using binomial tree. As a result (spreadsheet is shown 

below), binomial tree with t = 1 and T = 5 shows the possible values of the firm per year 

over the next 5 years. Knowing possible combinations of firm‘s value over time, we can also 

calculate the value of strategic options at all nodes of the binomial tree using backward 

induction technique. Let‘s again define each of this strategic option more deeply. 

 

 

Option to Expand 

Expansion option implies that the firm has growth opportunities in the future like 

extending its current operations, building new branches, entering new markets, acquiring its 

competitor, etc. In our example, the firm has future possible opportunity to expand its 

business by 30% with the cost of 20 million for this expansion.  

Thus, the firm‘s decision to expand will increase its current value by 30% and require 

additional investment of 20 million. Value of option to expand if exercised is: 
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𝑜𝑝𝑡𝑖𝑜𝑛 𝑡𝑜 𝑒𝑥𝑝𝑎𝑛𝑑 = (1 + 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛) × 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑡𝑒 𝑓𝑖𝑟𝑚 − 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑐𝑜𝑠𝑡
= 1.3 × 𝑆 − 20 

 

 

Option to Contract 

Contraction option is the strategic decision to contract firm‘s current operations in 

exchange for the fixed payment. In this way, firm suspends some part of its business but 

receives guaranteed savings from contracting party. An example of contraction option would 

be renting part of the firms building to another company and receiving rent payments.  

 In our example, the firm has option to contract 10% of its current operations and 

receive 25 million in savings. Option to contract will be valued as: 

𝑜𝑝𝑡𝑖𝑜𝑛 𝑡𝑜 𝑐𝑜𝑛𝑡𝑟𝑎𝑐𝑡 =  1 − 𝑐𝑜𝑛𝑡𝑟𝑎𝑐𝑡𝑖𝑜𝑛 × 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑡𝑒 𝑓𝑖𝑟𝑚 + 𝑠𝑎𝑣𝑖𝑛𝑔𝑠
= 0.9 × 𝑆 + 25 

 

 

Option to Abandon 

Abandonment option is the right to exit the business and sell its intellectual property, 

patents or licenses, etc. for the fixed payment. In other words, it is an option to abandon 

firm‘s current operations and receive whatever possible in its sale, in worst case, even the 

salvage value might more than continuing firm‘s current business. 

 We assume that the firm can abandon its business at any time over the next 5 years in 

exchange for 100 million. Thus, 

𝑜𝑝𝑡𝑖𝑜𝑛 𝑡𝑜 𝑎𝑏𝑎𝑛𝑑𝑜𝑛 = 100  

Eventually, the option to choose is the greatest of all options that firm can pursue at a 

point in time. Here is a general implication of chooser option: 

 

A chooser option implies that management has the flexibility to choose among several 

strategies, including the option to expand, abandon, switch, contract, and so forth. 

 

Real options valuation is similar to financial options valuation, the difference is in the 

payoff formulas. So, following binomial option pricing, we first model the evolution of 

underlying asset and then value options at all possible nodes of binomial tree representing the 

future possible values of underlying. As mentioned above, we need to use backward induction 

to value options on the binomial tree. This implies that: 

 

 At the terminal node: chooser option is the greatest of expansion, contraction, 

abandonment options – max (expand, contract, abandon) 

 At intermediate nodes: chooser option acquires continuation option as well, often 

called option to wait, and becomes - max (expand, contract, abandon, continue) 
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From binomial option pricing model, option to wait or continuation option is valued as 

the present value of the weighted average of option prices at the next node with weights being 

risk-neutral probability of up and down moves. With C
+
 being the option value at up state and 

C
-
 being the option value at down state, we have: 

option to wait = e−rδt p∗ × C+ + (1 − p∗)C−  

The following spreadsheet shows both the binomial evolution of firm‘s value and the 

option valuation tree for chooser option: 

 

Using five binomial steps,the real options valueis calculated as $19.03 million. Let‘s 

consider several nodes of real option valuation tree.  

In spreadsheet above, we see that the sample Cell M15 reveals a value of $255.2, which 

can be obtained through the value maximization of expansion, contraction, abandonment, and 

continuation. At the end of five years, the firm has the option to choose how it wishes to 

continue its existing operations through these options. Obviously, management will choose 

the strategy that maximizes profitability. The value of abandoning the firm‘s business unit is 

$100 million. The value of expansion is 1.3($211.7) – $20 = $255.2 million. The value of 

contracting 10 percent of its operations is equivalent to 90 percent of its existing operations 

plus the $25 million in savings. Hence, the value of contracting the firm‘s operations is 

0.9($211.7) + $25 = $215.5 million. The value of continuing with existing business 

operations can be found in lattice evolution of the underlying at the same node (S0u
5
), which 



 

128 

 

is $211.7 million. The profit-maximizing decision is to expand the firm‘s current level of 

operations at $255.2 million on that node (Cell M15). 

This is intuitive because if the underlying asset value of pursuing existing business 

operations is such that it is very high based on current marketdemand (Cell M15), then it is 

wise to expand the firm‘s current levels of operation.Otherwise, if circumstances force the 

value of the firm‘s operations down to such a low level as specified by node Su
2
d

3
(Cell M27), 

then it is more optimal tocontract the existing business by 10 percent. At any time below level 

K, forinstance, at node M, it is better to abandon the business unit all together. 

Moving on to the intermediate nodes, we see that node Su
2
 (Cell J21) is calculatedas 

$158.8 million. At this particular node, the firm again has four options:to expand, contract, 

abandon its operations, or not execute anything, thuskeeping these options open for the future. 

The value of contracting at that node is 0.9($134.9) + $25 = $146.49 million. The value of 

abandoningthe business unit is $100.0 million. The value of expanding is1.3($134.99) – $20 

= $155.48 million. The value of continuing is simply the discounted weighted average of 

potential future option values using therisk-neutral probability. As the risk adjustment is 

performed on the probabilitiesof future option cash flows, the discounting can be done using 

the risk – free rate. That is, for the value of keeping the option alive and open,we have 

𝑒−𝑟𝛿𝑡  𝑝∗ × $185.8 +  1 − 𝑝∗ $134.3 =$158.8 million,which is the maximum value. Using 

thisbackward induction technique, the lattice is calculated back to the startingpoint to obtain 

the value of $119.03 million. As the present value of the underlying is $100 million, the real 

options value is $19.03 million. 

 

 

Financial Modeling, Second Edition, Simon Benninga; MIT Press 2000, pp. 276-285 

Derivatives Markets, Second Edition, Robert L. McDonald; Pearson Education Inc. 2006,  

pp. 547-558 

Real Options Analysis, Johnathan Mun; John Wiley & Sons, Inc. 2002, pp. 171-181 
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20.  DURATION 
 

 

Duration is a measure of the sensitivity of the price of a bond to changes in the interest 

rate at which the bond is discounted. It is widely used as a risk measure for bonds (i.e., the 

higher a bond's duration, the more risky it is). We will consider a basic duration measure—

Macauley duration—which is defined for the case when the termstructure is flat. 

 

 

Introduction 

Consider a bond with payments Ct, where t = 1, ...,N. Ordinarily, the first N − 1 payments 

will be interest payments, and CN will be the sum of the repayment of principal and the last 

interest payment. If the term structure is flat and the discount rate for all of the payments is r, 

then the bond's market price today will be 

𝑃 =  
𝐶𝑡

 1 + 𝑟 𝑡

𝑁

𝑡=1

 

The Macauley duration measure is defined as: 

𝐷 =
1

𝑃
 

𝑡𝐶𝑡

 1 + 𝑟 𝑡

𝑁

𝑡=1

 

Before considering the meaning of this formula, we will show how to calculate 

theduration in Excel. 

 

 

Two Examples 

Consider two par bonds. Bond A has just been issued. Its face value is $1,000, it bears the 

current market interest rateof 7 percent, and it will mature in 10 years. Bond B was issued five 

years ago, when interest rates were higher. Thisbond has $1,000 face value and bears a 13 

percent coupon rate. When issued, this bond had a 15-year maturity, soits remaining maturity 

is 10 years. Since the current market rate of interest is 7 percent, bond B's market price is 

given by: 

$1,421.41 =  
$130

 1.07 𝑡

10

𝑡=1

+
$1,000

 1.07 10
 

It is worthwhile calculating the duration of each of the two bonds the long way. We set 

up a table inExcel: 
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As might be expected, the duration of bond A is longer than that of bond B, since the 

average payoff of bond Atakeslonger than that of bond B. To look at this relationship another 

way, the net present value of bond A's first-year payoff($70) represents 6.54 percent of the 

bond's price, whereas the net present value of bond B's first-year payoff ($130) is 8.55 percent 

of its price. The figures for the second-year payoffs are 6.11 percent and 7.99 percent, 

respectively.(For the second-year figures, you have to divide the appropriate line of the 

preceding table by 2, since in the durationformula each payoff is weighted by the period in 

which it is received) 

 

 

Using an Excel Formula 

Excel has two duration formulas, Duration ( ) and MDuration(). MDuration –Modified 

Macauley duration by Excel – is defined as: 

𝑀𝐷𝑢𝑟𝑎𝑡𝑖𝑜𝑛 =
𝐷𝑢𝑟𝑎𝑡𝑖𝑜𝑛

 1 +
𝑦𝑖𝑒𝑙𝑑  𝑡𝑜  𝑚𝑎𝑡𝑢𝑟𝑖𝑡𝑦

𝑛𝑢𝑚𝑏𝑒𝑟  𝑜𝑓  𝑐𝑜𝑢𝑝𝑜𝑛  𝑝𝑎𝑦𝑚𝑒𝑛𝑡𝑠  𝑝𝑒𝑟  𝑦𝑒𝑎𝑟
 

 

Both formulas have the same syntax; for example, for Duration( ) the syntax is as 

follows: 

Duration (settlement, maturity, coupon, yield, frequency, basis), 

where 

 settlement is the settlement date (i.e., the purchase date) of the bond 

 maturity is the bond's maturity date 

 coupon is the bond's coupon 

 yield is the bond's yield to maturity 

 frequency is the number of coupon payments per year 
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 basis is the "day count basis" (i.e., the number of days in a year). This is a code 

between 0 and 4: 

 

0 or omitted US (NASD) 30 / 360 

1 Actual / Actual 

2 Actual / 360 

3 Actual / 360 

4 European 30/360 

 

The Duration formula gives the standard Macauley duration. The MDuration formula is 

modified duration measure that can be used in calculating theprice volatility of the bond. 

 

Both duration formulas may require a bit of trickery to implement because they demand a 

date serial number for boththe settlement and the maturity. In the preceding spreadsheet 

picture, the Excel formula is implemented by arbitrarily choosingthe dates. The last parameter 

of the Excel durationformula, which gives the basis, is optional and could be omitted. 

 

 

What Does Duration Mean? 

In this section we present three different meanings of duration. Each is interesting and 

important in its own right. 

 

 

Duration as the Weighted Average of the Bond's Payments 

As originally defined by Macauley (1938), duration is a weighted average of the bond's 

payments. Rewrite theduration formula as follows: 

𝐷 =
1

𝑃
 

𝑡𝐶𝑡

 1 + 𝑟 𝑡

𝑁

𝑡=1

=   
𝐶𝑡 𝑃 

 1 + 𝑟 𝑡
 

𝑁

𝑡=1

× 𝑡 

Note that the bracketed terms  
𝐶𝑡 𝑃 

 1+𝑟 𝑡
 sum to 1. This fact follows from the definition of 

the bond price; eachof these terms is the proportion of the bond's price represented by the 

payment at time t. In the duration formula, each of the terms  
𝐶𝑡 𝑃 

 1+𝑟 𝑡
  is multiplied by its time 

of occurrence: Thus the duration is the time-weighted average of the bond's discounted 

payments as a proportion of the bond's price. 

 

 

Duration as the Bond's Price Elasticity with Respect to Its Discount Rate 

Viewing duration another way – as the bond's price elasticity with respect to its discount 

rate – explains why theduration measure can be used to measure the bond's price volatility; it 
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also shows why duration is often used as arisk measure for bonds. To derive this 

interpretation, we take the derivative of the bond's price with respect to thecurrent interest 

rate: 

𝑑𝑃

𝑑𝑟
=  

−𝑡𝐶𝑡

 1 + 𝑟 𝑡+1

𝑁

𝑡=1

 

A little algebra shows that 

𝑑𝑃

𝑑𝑟
=  

−𝑡𝐶𝑡

 1 + 𝑟 𝑡+1

𝑁

𝑡=1

= −
𝐷𝑃

(1 + 𝑟)
 

This formula transforms into two useful interpretations of duration: 

 First, duration can be regarded as the discount-factor elasticity of the bond price, 

where by "discount factor" we mean 1 + r: 

𝑑𝑃 𝑃 

𝑑𝑟 (1 + 𝑟) 
=

𝑃𝑒𝑟𝑐𝑒𝑛𝑡 𝐶𝑎𝑛𝑔𝑒 𝑖𝑛 𝐵𝑜𝑛𝑑 𝑃𝑟𝑖𝑐𝑒

𝑃𝑒𝑟𝑐𝑒𝑛𝑡 𝐶𝑎𝑛𝑔𝑒 𝑖𝑛 𝐷𝑖𝑠𝑐𝑜𝑢𝑛𝑡 𝐹𝑎𝑐𝑡𝑜𝑟
= −𝐷 

 Second, we can use duration to measure the price volatility of a bond by rewriting the 

previous equation as: 

𝑑𝑃

𝑃
= −𝐷

𝑑𝑟

1 + 𝑟
 

Let's go back to the examples of the previous section. Suppose that the market interest 

rate rises by 10 percent,from 7 percent to 7.7 percent. What will happen to the bond prices? 

The price of bond A will be 

$952.39 =  
$70

 1.077 𝑡

10

𝑡=1

+
$1,000

 1.077 10
 

A similar calculation shows the price of bond B to be 

$1360.50 =  
$130

 1.077 𝑡

10

𝑡=1

+
$1,000

 1.077 10
 

As predicted by the price-volatility formula, the changes in the bond prices are 

approximated by ∆𝑃 ≅ −𝐷𝑃∆𝑟/(1 + 𝑟).To see this relationship, work out the numbers for 

each bond: 
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Note that instead of using the Excel Duration function and multiplying by Δr / (1 + r), we 

could have used theMDuration function and multiplied by Δr. 

 
 

 

Babcock's Formula: Duration as the Convex Combination of Bond Yields 

A third interpretation of duration is Babcock's (1985) formula, which shows that duration 

is a weighted average of twofactors: 

𝐷 = 𝑁  1 −
𝑦

𝑟
 +

𝑦

𝑟
𝑃𝑉𝐼𝐹 𝑟, 𝑁 ×  1 + 𝑟  

Where the "current yield" of the bond is 

𝑦 =
𝐵𝑜𝑛𝑑 𝐶𝑜𝑢𝑝𝑜𝑛

𝐵𝑜𝑛𝑑 𝑃𝑟𝑖𝑐𝑒
 

And the present value of an N = period annuity is 

𝑃𝑉𝐼𝐹 𝑟, 𝑁 =  
1

 1 + 𝑟 𝑖

𝑁

𝑖=1

 

This formula gives two useful insights into the duration measure: 

 Duration is a weighted average of the maturity of the bond and of (1 + r) times the 

PVIF associated with the bond. (Note that the PVIF is given by the Excel formula 

PV(r, N, −1)) 
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 In many cases the current yield of the bond, y is not greatly different from its yield to 

maturity r. In these cases, duration is not very different from (1 + r) PVIF. 

Unlike the two previous interpretations, Babcock's formula holds only for the case of a 

bond with constant couponpayments and single repayment of principal at time N; that is, the 

formula does not extend to the case where thepayments Ct differ over time.Here's an 

implementation of Babcock's formula for bond B: 

 
 

 

Duration Patterns 

Intuitively we would expect that duration is an increasing function of a bond's maturity 

and a decreasing function of a bond's coupon. However, as the following examples show, this 

expectation is not always fulfilled. As the coupon increases, the bond's duration 

unequivocally decreases. The following tables and graphs (basedon the previous example) 

show those effects: 
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Duration of a Bond with Uneven Payments 

Consider a bond with N payments, the first of which occurs at time α <1, and the rest of 

which are evenly spaced. Inthe derivation that follows, we show that the duration of such a 

bond is given by the sum of two terms: 

 The duration of a bond with N payments spaced at even intervals (i.e., the standard 

duration discussed earlier) 

 α − 1 

The derivation is relatively simple. Denote the payments on the bond by Cα, Cα+1, Cα+2... 

Cα+N−1, where 0 <α< 1. The price of the bond is given by: 

𝑃 =  
𝐶𝛼+𝑡−1

 1 + 𝑟 𝛼+𝑡−1

𝑁

𝑡=1

=  1 + 𝑟 1−𝛼  
𝐶𝛼+𝑡−1

 1 + 𝑟 𝑡

𝑁

𝑡=1

 

The duration of this bond is given by 

𝐷 =
1

𝑃
 

 𝛼 + 𝑡 − 1 𝐶𝛼+𝑡−1

 1 + 𝑟 𝛼+𝑡−1

𝑁

𝑡=1

 

Here is an example of the calculation of the duration of a bond with uneven periods. 

 
 

 

Calculating the YTM for Uneven Periods 

As the preceding discussion shows, the calculation of duration requires us to know the 

bond's yield to maturity 

(YTM); this YTM is just the internal rate of return of the bond's payments and its initial 

price. Often the YTM is given,but when it is not, we can run into a problem that requires us to 

make an adjustment to the Excel IRR function. Theproblem has to do with unevenly spaced 



 

136 

 

bond payments. This section gives a simple example of this problem andshows how a small 

trick can solve it. 

Consider a bond that currently costs $1,123 and that pays a coupon of $89 on January 1 

of each year. On January 1,2001, the bond will pay $1,089, the sum of its annual coupon and 

its face value. The current date is October 3,1996. The problem in finding the YTM of this 

bond is that while most of the bond payments are spaced one year apart, there is only 0.2466 

of a year until the first coupon payment: 0.2466 = [Date(1997, 1, 1) – Date(1996, 10,3)]/365. 

Thus we wish to use Excel to solve the following equation: 

−1,123 +  
89

 1 + 𝑌𝑇𝑀 𝑡+0.2466

3

𝑡=0

+
1,089

 1 + 𝑌𝑇𝑀 4.2466
= 0 

To solve this problem, we can use the Excel function XIRR. To use the XIRR function, you 

first have to make sure that the Analysis ToolPak is loaded into Excel.  

 

There is also a function XNPV for finding the present value of a series of payments paid 

out at uneven dates. 

 

 

Nonflat Term Structures and Duration 

In a general model of the term structure, payments at time t are discounted by rate rt, so 

that the value of a bond isgiven by 

𝑃 =  
𝐶𝑡

 1 + 𝑟𝑡 𝑡

𝑁

𝑡=1

 



 

137 

 

The duration measure discussed above assumes either a flat term structure (i.e., rt = r for 

all t) or a term structure that shifts in a parallel fashion. When the term structure exhibits 

parallel shifts, we can write the bond price as  

𝑃 =  
𝐶𝑡

 1 + 𝑟𝑡 + ∆𝑡 𝑡

𝑁

𝑡=1

 

And then derive a measure of duration by taking the derivative with respect to Δ t. A 

general model of the term structure should explain how the discount rate rt for time – t 

payments comes about, and how the rates at time tchange. 

 

 

Financial Modeling, Second Edition, Simon Benninga; MIT Press 2000, pp. 303-315 

Derivatives Markets, Second Edition, Robert L. McDonald; Pearson Education Inc. 2006,  

pp. 224-230 

Fundamentals of Financial Markets, Volf Frishling; National Australia Bank 2007, pp. 12-15 
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21.  IMMUNIZATION STRATEGIES 
 

 

A bond portfolio's value in the future depends on the interest-rate structure prevailing up 

to and including the date at which the portfolio is liquidated. If a portfolio has the same 

payoff at some specific future date, no matter what interest-rate structure prevails, then it is 

said to be immunized. Here we will discuss immunization strategies, which are closely related 

to the concept of duration discussed earlier in the text. Immunization strategies have been 

discussed for many concepts of duration, but this chapter is restricted to the simplest duration 

concept, that of Macauley. 

 

 

A Basic Simple Model of Immunization 

Consider the following situation: A firm has a known future obligation, Q.the discounted 

value of this obligation is: 

𝑉0 =
𝑄

 1 + 𝑟 𝑁
 

Suppose that this future obligation is currently hedged by a bond held by the firm. That 

is, the firm currently holds abond whose value VB is equal to the discounted value of the 

future obligation V0. If P1, P2…PM is the stream ofanticipated payments made by the bond, 

then the bond's present value is given by 

𝑉𝐵 =  
𝑃𝑡

 1 + 𝑟 𝑡

𝑀

𝑡=1

 

Now suppose that the underlying interest rate, r, changes to r + Δr. Using a first-order 

linear approximation, we findthat the new value of the future obligation is given by 

𝑉0 + ∆𝑉0 ≈ 𝑉0 +
𝑑𝑉0

𝑑𝑟
∆𝑟 = 𝑉0 + ∆𝑟  

−𝑁𝑄

 1 + 𝑟 𝑁+1
  

However, the new value of the bond is given by 

𝑉𝐵 + ∆𝑉𝐵 ≈ 𝑉𝐵 +
𝑑𝑉𝐵

𝑑𝑟
∆𝑟 = 𝑉𝐵 + ∆𝑟 

−𝑡𝑃

 1 + 𝑟 𝑡+1

𝑁

𝑡=1

 

If these two expressions are equal, a change in r will not affect the hedging properties of the 

company's portfolio.Setting the expressions equal gives us the condition 

𝑉𝐵 + ∆𝑟 
−𝑡𝑃

 1 + 𝑟 𝑡+1

𝑁

𝑡=1

= 𝑉0 + ∆𝑟  
−𝑁𝑄

 1 + 𝑟 𝑁+1
  

Recalling that 
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𝑉𝐵 = 𝑉0 =
𝑄

 1 + 𝑟 𝑁
 

We can simplify this expression to get 

1

𝑉𝐵
 

𝑡𝑃𝑡

 1 + 𝑟 𝑡

𝑀

𝑡=1

= 𝑁 

That is 𝐷𝐵 = 𝑁, or as duration of single future obligation (i.e., zero-coupon bond) is equal to 

its maturity we can rewrite it as: 

𝐷𝐵 = 𝐷𝑄  

Where  DB is the duration of the bond, 

DQ is the duration of the obligation. 

This statement is worth restating as a formal proposition:Suppose that the term structure 

of interest rates is always flat (that is, the discount rate for cash flows occurring at all future 

times is the same) or that the term structure moves up or down in parallel movements. Then a 

necessary and sufficient condition that the market value of an asset be equal under all changes 

of the discount rate r to the market value of a future obligation Q is that the duration of the 

asset equal the duration of the obligation. Here weunderstand the word "equal" to mean equal 

in the sense of a first-order approximation.An obligation against which an asset of this type is 

held is said to be immunized.The preceding statement has two critical limitations: 

 The immunization discussed applies only to first-order approximations. When we get 

to a numerical example in the succeeding sections, we shall see that there is a big 

difference between first-order equality and "true" equality 

 We have assumed either that the term structure is flat or that the term structure 

moves up or down in parallel movements. At best, this assumption might be 

considered to be a poor approximation to reality 

 

 

A Numerical Example 

In this section we consider a basic numerical immunization example. Suppose you are 

trying to immunize a 10 – year obligation whose present value is $1,000 (for example, at a 

current interest rate of 6 percent, its future value would be $1,000 × 1.0610 = $1,790.85). You 

intend to immunize the obligation by purchasing $1,000 worth of a bond or a combination of 

bonds. You consider three bonds: 

1. Bond 1 has 10 years remaining until maturity, a coupon rate of 6.7 percent, and a 

face value of $1,000. 

2. Bond 2 has 15 years until maturity, a coupon rate of 6.988 percent, and a face value 

of $1,000. 

3. Bond 3 has 30 years until maturity, a coupon rate of 5.9 percent, and a face value of 

$1,000. 
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At the existing yield to maturity of 6 percent, the prices of the bonds differ. Bond 1, for 

example is worth $1,051.52 = 
67

 1.06 𝑡
+

1,000

 1.06 10
10
𝑡 ; thus, in order to purchase $1,000 worth of 

this bond, you have to purchase $951 = $1,000/$1,051.52 of face value of the bond.However, 

Bond 3 is currently worth $986.24, so that in order to buy $1,000 of market value of this 

bond, you will have to buy $1,013.96 of face value. If you intend to use this bond to finance a 

$1,790.85 obligation 10 years fromnow, following is a schematic of the problem you face. 

 

As we will see, the 30-year bond will exactly finance the future obligation of $1,790.85 

only for the case in which thecurrent market interest rate of 6 percent remains unchanged. 

Here is a summary of price and duration information for the three bonds: 

 

 

If the yield to maturity does not change, then you will be able to reinvest each coupon at 

6 percent. Thus, bond 2, forexample, will give a terminal wealth at the end of 10 years of 

 69.88 ×  1.06 𝑡
9

𝑡=1

+   
69.88

 1.06 𝑡

5

𝑡=1

+
1,000

 1.06 5
 = 921.07 + 1,041.62 = 1,962.69 
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The first term in this expression is the sum of the reinvested coupons. The second term 

represents the market value of the bond maturing in year 10, when the bond has five more 

years until maturity. Since we will be buying only $912.44 of face value of this bond, we 

have, at the end of 10 years, 0.91244 × $1,962.69 = $1,790.85. This is exactly the amount we 

wanted to have at this date. The results of this calculation forall three bonds, provided there is 

no change in the yield to maturity, are given in the following table: 

 

The upshot of this table is that purchasing $1,000 of any of the three bonds will provide – 

10 years from now – funding for your future obligation of $1,790.85, provided the market 

interest rate of 6 percent doesn't change. 

Now suppose that, immediately after you purchase the bonds, the yield to maturity 

changes to some new value and stays there. This change will obviously affect the calculation 

we already did. For example, if the yield falls to 5percent, the table will now look as follows: 

 

Thus, if the yield falls, bond 1 will no longer fund our obligation, whereas bond 3 will 

overfund it. Bond 2's ability to fund the obligation – not surprisingly, in view of the fact that 

its duration is exactly 10 years – hardly changes. We canrepeat this calculation for any new 

yield to maturity. The results are shown in the following figure: 
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Clearly, if you want an immunized strategy, you should buy bond 2! As its duration is equal 

to the duration of the obligation we want to hedge.  

 

 

Convexity: A Continuation of Our Immunization Experiment 

The duration of a portfolio is the weighted average duration of the assets in the portfolio. 

As a result, there is anotherway to get a bond investment with duration of 10: If we invest 

$665.09 in bond 1 and $ 344.91 in bond 3, the resulting portfolio also has duration of 10. 

These weights are calculated as follows: 

𝜆 × 𝐷𝑏𝑜𝑛𝑑  1 +  1 − 𝜆 × 𝐷𝑏𝑜𝑛𝑑  3 = 7.665𝜆 + 14.636 1 − 𝜆 = 10 → 𝜆 = 0.66509 

Suppose we repeat our experiment with this portfolio of bonds of the previous section 

(varying the YTM), but add in the portfolio of bond 1 and bond 3.Building a data table based 

on this experiment and graphing the results shows that the portfolio's performance isbetter 

than that of bond 2 by itself. 

 

1,000

1,200

1,400

1,600

1,800

2,000

2,200

2,400

2,600

2,800

3,000

0% 5% 10% 15%

Bond 1

Bond 2

Bond 3

1,750

1,800

1,850

1,900

1,950

2,000

2,050

2,100

2,150

0% 5% 10% 15%

Bond 2

Protfolio



 

143 

 

Look again at the graph: Notice that, while the terminal value is somewhat convex in the 

yield to maturity for bothbond 2 and the bond portfolio, the terminal value of the portfolio is 

more convex than that of the single bond.Redington (1952), one of the influential propagators 

of the concept of duration and immunization, thought thisconvexity very desirable, and we 

can see why: No matter what the change in the yield to maturity, the portfolio ofbonds 

provides more overfunding of the future obligation than the single bond. This is obviously a 

desirable propertyfor an immunized portfolio, and it leads us to formulate the following rule: 

 

In a comparison between two immunized portfolios, both of which are to fund a known 

future obligation, the portfolio whose terminal value is more convex with respect to changes 

in the yield to maturity is preferable. 

 

 

General Look at Immunization Strategies 

Consider a situation when a fund manager owns n1 units of bond B1. The value of the 

holding will obviously be changing with the change in the level of the yield curve. If the yield 

goes up the value of the holding will fall. The fund manager wishes to protect the portfolio 

against this unfavorable movement.  

One of the ways of doing so is to add to the holding n2 units of bond B2 so that the any 

change in the value of bond B1 will be exactly offset by the change in the value of bond B2.   

Let the value of the portfolio be V = n1B1(y1) + n2B2(y2). Here y1 and y2 are the yields of 

the bonds respectively. If the yields are shifted by the same amount Δ y the new value of the 

portfolio will be VΔ = n1B1(y1 + Δ y) + n2B2(y2+ Δ y) and the change in the value of the 

portfolio will be: 

∆𝑉 = 𝑉∆ − 𝑉 = 𝑛1 𝐵1 𝑦1 + ∆𝑦 − 𝐵1 𝑦1  + 𝑛2 𝐵2 𝑦2 + ∆𝑦 − 𝐵2 𝑦2  

≈ 𝑛1𝐷1 𝑦1 ∆𝑦 + 𝑛2𝐷2 𝑦2 ∆𝑦 

WhereD1 and D2 are respective bond durations; for an immunized portfolio the value change 

should be zero, so: 

𝑛1𝐷1 𝑦1 ∆𝑦 + 𝑛2𝐷2 𝑦2 ∆𝑦 = 0 → 𝑛2 = −𝑛1

𝐷1

𝐷2
 

Several things are to be noted here. 

1. This type of portfolio immunization may not be allowed, as many funds are under 

restriction of not being able to hold ‗short‘ bonds that is bonds that are nominally 

sold. There sometimes are ways around this restriction. Funds may, for example, 

‗borrow‘ bonds from other parties. 

2. Even if bonds can be sold short this solution may be quite expensive by the way of 

losing the coupon income, transaction costs and liquidity issues. 

3. This approach will immunize the portfolio only against parallel shocks, but not 

changes in the slope and/or curvature of the curve. 
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4. By immunizing the portfolio we at the same time forgo the potential benefits, for 

example, the increase in the value of the portfolio if the yields go down. 

5. As durations (and yield) change with time, portfolio needs to be periodically 

rebalanced. 

The method above will protect against small changes of the yields. If the market gaps 

(yield drop or go up unexpectedly) the price convexity will generate profit or loss on the 

portfolio. To immunize against large movements of the yield the convexity must be 

considered. Using Taylor‘s decomposition of our portfolio to the second order we obtain: 

∆𝑉 = 𝑉∆ − 𝑉 = 𝑛1 𝐵1 𝑦1 + ∆𝑦 − 𝐵1 𝑦1  + 𝑛2 𝐵2 𝑦2 + ∆𝑦 − 𝐵2 𝑦2  

≈ 𝑛1𝐷1 𝑦1 ∆𝑦 +
1

2
𝑛1𝐶1 𝑦1 ∆𝑦

2 + 𝑛2𝐷2 𝑦2 ∆𝑦 +
1

2
𝑛2𝐶2 𝑦2 ∆𝑦

2 

Where Ciare the convexities of respective bonds; by equating the value increment to zero and 

solving for n2the portfolio composition can be easily obtained. 

 

 

An Example 

Consider a fund manager who needs to meet a liability of $1,000,000 in 4 years. He has 

two bonds available to him to hedge his liability. The information is summarized in the table. 

 

 FV Maturity Coupon Yield Price 
Modified 

Duration 

Bond $100,000.00 3 5% 6.1% $97,025.48 2.74 

Bond $100,000.00 7 6% 6.4% $97,771.28 5.62 

Liability $1,000,000.00 4  6.3% $780,272.21 4.00 

The fund manager needs to buy n1 units of the first bond and n2 of the second bond so 

that: 

1. Match the value of the liability 

2. Match the duration of the liability 

This leads to the following simultaneous equations: 

97025.48𝑛1 + 97771.28𝑛2 = 780272.21 
2.74 × 97025.48 × 𝑛1 + 5.62 × 97771.28 × 𝑛2 = 4 × 780272.21 

The second equation requires some explanation. Remember, that modified duration 

measures the change in the value for a unit price. So, in order to measure the actual change (in 

$values) the modified duration needs to be multiplied by the value.Solving these equations we 

obtain n1= 4.5 and n2 = 3.5. 

 

 

Financial Modeling, Second Edition, Simon Benninga; MIT Press 2000, pp. 317-326 

Fundamentals of Financial Markets, Volf Frishling; National Australia Bank 2007, pp. 15-17



    

145 

 

22. CALCULATING DEFAULT-ADJUSTED 

EXPECTED BOND RETURNS 
 

 

Here we discuss the effects of default risk on the returns from holding bonds to maturity. 

The expectedreturn on a bond that may possibly default is different from the bond's promised 

return. The latter is defined as thebond's yield to maturity, the internal rate of return 

calculated from the bond's current market price and its promisedcoupon payments and 

promised eventual return of principal in the future. The bond's expected return is less 

easilycalculated: We need to take into account both the bond's probability of future default 

and the percentage of itsprincipal that holders can expect to recover in the case of default. To 

complicate matters still further, default canhappen in stages, through the gradual degradation 

of the issuing company's creditworthiness. 

We‘ll use a Markov model to solve for the expected return on a risky bond. Our 

adjustment proceduretakes into account all three of the factors mentioned: the probability of 

default, the transition of the issuer from onestate of creditworthiness to another, and the 

percentage recovery of face value when the bond defaults. Afterillustrating the problem and 

using Excel to solve a small-scale problem, we use some publicly available statistics 

toprogram a fuller spreadsheet model. Finally, we show that this model can be used to derive 

bond betas, the CAPM'srisk measure for securities. 

 

 

Some Preliminaries 

Before proceeding, we define a number of terms: 

 A bond is issued with a given amount of principal or face value. When the bond 

matures, the bondholder is promised the return of this principal. If the bond is issued 

at par, then it is sold for the principal amount 

 A bond bears an interest rate called the coupon rate. The periodic payment promised 

to the bondholders is the product of the coupon rate times the bond's face value 

 At any given moment, a bond will be sold in the market for a market price. This price 

may differ from the bond's coupon rate 

 The bond's yield to maturity (YTM) is the internal rate of return of the bond, 

assuming that it is held to maturity and that it does not default 

American corporate bonds are rated by various agencies on the basis of the bond issuer's 

ability to make repaymenton the bonds. The classification scheme for two of the major rating 

agencies, Standard & Poor's (S&P) and Moody‘sis given in the following table: 

 

 

Long-Term Senior Debt Ratings 
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Investment – Grade Ratings Speculative – Grade Ratings 

S&P Moody’s Interpretation S&P Moody’s Interpretation 

AAA Aaa 

Highest Quality 

BB+ Bal Likely to fulfill 

obligations; ongoing 

uncertainty 

  BB Ba2 

  BB- Ba3 

AA+ Aa1 

High Quality 

B+ B1 

High – risk obligations AA Aa2 B B2 

AA- Aa3 B- B3 

A+ A1 
Strong Payment 

Capacity 

CCC+ Caa 
Current vulnerability to 

default 
A A2 CCC  

A- A3 CCC-  

BBB+ Baa1 
Adequate payment 

capacity 

C Ca In bankruptcy or default, 

or other marked 

shortcomings 

BBB Baa2 D D 

BBB- Baa3   

 

When a bond defaults, its holders will typically receive some payoff, thoughless than the 

promised bond coupon rateand return of principal. We refer to the percent of face value paid 

off in default as the recovery percentage. 

 Besides default risk, bonds are also subject to term-structure risk: The prices of 

bonds may show significant variations over time as a result of changing term 

structure. This statement will be especially true for long-term bonds. We will abstract 

from term-structure risk, confining ourselves only to a discussion of the effects of 

default risk on bond expected returns. 

 Just to complicate matters, in the United States the convention is to add to a bond's 

listed price the proratedcoupon between the time of the last coupon payment and the 

purchase date. The sum of these two is termed the invoice price of the bond; the 

invoice price is the actual cost at any moment to a purchaser of buying the bond. In 

our discussion we use the term market price to denote the invoice price. 

 

 

Calculating the Expected Return in a One-Period Framework 

The bond's yield to maturity is not its expected return: It is clear that both a bond's rating 

and the anticipated payoffto bondholders in the case of bond default should affect its expected 

return. All other things being equal, we wouldexpect that if two newly issued bonds have the 

same term to maturity, then the lower-rated bond (having the higherdefault probability) 

should have a higher coupon rate. Similarly, we would expect that an issued and traded 

bondwhose rating has been lowered would experience a decrease in price. We might also 

expect that the lower is theanticipated payoff in the case of default; the lower will be the 

bond's expected return. 

As a simple illustration, we calculate the expected return of a one-year bondthat can 

default at maturity. We use thefollowing symbols: 
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F = face value of the bond 

P = price of bond 

c = annual coupon rate of the bond 

π = probability that the bond will not default at end of year 

λ = fraction of face value that bondholders collect upon default 

ER = expected return  

 

This bond‘s expected end-of-year cash flow is π × (1 + c) ×F + (1 − π) × λ ×F and its 

expected return is given by: 

𝐸𝑅 =
𝜋 1 + 𝑐 +  1 − 𝜋 𝜆𝐹

𝑃
− 1 

This calculation is illustrated in the following spreadsheet: 

 
 

 

 

A Multiperiod, Multistate Markov Chain Problem 

We now introduce multiple periods into the problem. In this section we definea basic 

model using a very simple set ofratings. We suppose that at any date there are four possible 

bond "ratings": 

 

 A – The highest rating. 

 B – The next highest rating. 

 D – The bond is in default for the first time (and hence pays off  of the face value). 

 E – The bond was in default in the previous period; it therefore pays off 0 in the 

current period and in any future periods. 

 

The transition probability matrix  is given by: 

𝛱 =  

𝜋𝐴𝐴

𝜋𝐵𝐴

𝜋𝐴𝐵

𝜋𝐵𝐵

0
0

0
0

𝜋𝐴𝐷

𝜋𝐵𝐷

0
0

0
0

1
1
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The probabilities πij indicate the probability that in one period the bond will go from a rating 

of i to a rating of j. We will use the following transition probability matrix: 

𝛱 =  

. 99

. 03
. 01
. 96

0
0

0
0

0
. 01

0
0

0
0

1
1

  

What does this matrix  mean? 

 

 If a bond is rated A in the current period, there is a probability of 0.99 that it will still 

be rated A in the next period. There is a probability 0.01 that it will be rated B in the 

next period, but it is impossible for the bond to be rated A today and D or E in the 

subsequent period. While it is possible to go from ratings A and B to any of ratings 

A, B, and D; it is not possible to go from A or B to E. This statement is true because 

E denotes that default took place in the previous period. 

 In the example of , a bond that starts off with a rating of B can – in a subsequent 

period – be rated A (with a probability of 0.03); be rated B (with a probability of 

0.96); or rated D (and hence in default) with a probability of .01 

 A bond that is currently in state D (i.e., first-time default); will necessarily be in E in 

the next period. Thus the third row of our matrix  will always be [0 0 0 1] 

 Once the rating is in E, it remains there permanently. Therefore, the fourth row of the 

matrix  also will always be [0 0 0 1] 

 

 

The Multiperiod Transition Matrix 

The matrix P defines the transition probabilities over one period. The two-period 

transition probabilities are given bythe matrix product Π × Π: 

𝛱 × 𝛱 =  

. 99

. 03
. 01
. 96

0
0

0
0

0
. 01

0
0

0
0

1
1

 ×  

. 99

. 03
. 01
. 96

0
0

0
0

0
. 01

0
0

0
0

1
1

 =  

. 9804

. 0585
. 0195
. 9219

0
0

0
0

. 0001

. 0096
0

. 0100
0
0

1
1

  

Thus if a bond is rated B today, there is a probability of 5.85 percent that in two periods it 

will be rated A, a probabilityof 92.19 percent that in two periods it will be rated B, a 

probability of 0.96 percent that in two periods it will default(and hence be rated D), and a 

probability of 1 percent that in two periods it will be rated E. The last rating means, ofcourse, 

that the bond went into default in the first period. 

We can use the array function MMult function of Excel to calculate multiyear transition 

probabilitymatrices: 
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In general, the year – t transition matrix is given by the matrix power Π
t
. Calculating 

these matrix powers by theprocedure that we have illustrated is cumbersome, so we first 

define a VBA function that can compute powers ofmatrices: 

 
Function matrixpower (matrix, n) 

If n = 1 Then 

 

matrixpower = matrix 

Else 

matrixpower = 

Application.MMult(matrixpower(matrix, n − 

1) , matrix) 

 

End If 

End Function 

 

The use of this function is illustrated in the following spreadsheet. The function 

Matrixpower allows a one-stepcomputation of the power of any transition matrix: 

 
 

From this example it follows that if a bond started out with an A rating, there is a 

probability of 0.3 percent that thebond will be in default at the end of ten periods, and there is 

a probability of 0.07 percent that it will default before thetenth period. 
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Bond Payoff Vector 

Recall that c denotes the bond's coupon rate and λ denotes the percentage payoff of face 

value if the bond defaults.The payoff vector of the bond depends on whether the bond is 

currently in its last period N or whether t<N: 

𝑃𝑎𝑦𝑜𝑓𝑓 𝑡 =

 
  
 

  
 

 

𝑐
𝑐
𝜆
0

     𝑖𝑓 𝑡 < 𝑁

 

1 + 𝑐
1 + 𝑐

𝜆
0

     𝑖𝑓 𝑡 = 𝑁

  

 

The first two elements of each vector denote the payoff in nondefaulted states, the third 

element λ is the payoff if therating is D, and the fourth element 0 is the payoff if the bond 

rating is E. The distinction between the two vectorsdepends, of course, on the repayment of 

principal in the terminal period. 

Before we can define the expected payoffs, we need to define one furthervector, which 

will denote the initial state of the bond. This current-state vector is a vector with a 1 for the 

current rating of the bond and zeros elsewhere. For example, if the bond has rating A at date 

0, then Initial = [1 0 0 0]; if it has date – 0 rating of B, then Initial = [0 1 0 0].We can now 

define the expected bond payoff in period t: 

𝐸 𝑃𝑎𝑦𝑜𝑓𝑓 𝑡  = 𝐼𝑛𝑖𝑡𝑖𝑎𝑙 × 𝛱𝑡 × 𝑃𝑎𝑦𝑜𝑓𝑓 𝑡  

 

 

A Numerical Example 

We continue using the numerical λ from the previous section, and we further suppose that 

λ = 0.8, meaning that adefaulted bond will pay off 80 percent of face value in the first period 

of default. We consider a bond having thefollowing characteristics: 

 

 The bond is currently rated B 

 Its coupon rate c = 7 percent 

 The bond has five more years to maturity 

 The bond's current market price is 98 percent of its face value 
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The spreadsheet above shows the facts in the preceding list as well as the payoff vectors 

of the bond at dates before maturity (in cells D4:D7) and on the maturity date (cells G4:G7). 

The transition matrix is given in cells C10:F13,and the initial vector is given in C15:F15. 

The expected bond payoffs are given in cells B19:G19. Before we explain how they were 

calculated, we note the important economic fact that – ifthe expected payoffs are as given – 

then the bond's expected return is calculated by IRR(B18:G18). As cell B19 shows, this 

expected return is 7.245 percent. 

 

 

How to Calculate the Expected Bond Payoffs 
As indicated in the previous section, the period – t expected bond payoff is given by the 

following formula𝐸 𝑃𝑎𝑦𝑜𝑓𝑓 𝑡  = 𝐼𝑛𝑖𝑡𝑖𝑎𝑙 × 𝛱𝑡 × 𝑃𝑎𝑦𝑜𝑓𝑓 𝑡 . The formula in row 18 uses 

IF statement to implement this formula as: 

𝑖𝑓  

𝑡𝑖 = 𝑁,

𝑚𝑚𝑢𝑙𝑡 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟, 𝑚𝑚𝑢𝑙𝑡 𝑚𝑎𝑡𝑟𝑖𝑥𝑝𝑜𝑤𝑒𝑟 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑜𝑛 𝑚𝑎𝑡𝑟𝑖𝑥, 𝑡𝑖 , 𝑝𝑎𝑦𝑜𝑓𝑓(𝑡𝑖 = 𝑁)  ,

𝑚𝑚𝑢𝑙𝑡 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑣𝑒𝑐𝑡𝑜𝑟, 𝑚𝑚𝑢𝑙𝑡 𝑚𝑎𝑡𝑟𝑖𝑥𝑝𝑜𝑤𝑒𝑟 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑜𝑛 𝑚𝑎𝑡𝑟𝑖𝑥, 𝑡𝑖 , 𝑝𝑎𝑦𝑜𝑓𝑓(𝑡𝑖 < 𝑁)  

  

 

Here's what these statement mean: 

 

 If the current year, ti is equal to the bond term N, then the expected payoff on the 

bond is mmult(C15: F15, mmult(matrixpower(C10: F13, C17), G4: G7)) 

 If the current year, ti is less than the bond term, then the expected payoff on the bond 

is mmult(C15: F15, mmult(matrixpower(C10: F13, C17), D4: D7)) 

 

Copying this formula gives the whole vector of expected bond payoffs.The actual 

formula in Cell B19 is IRR(B18:G18), i.e. default-adjusted expected bond return. 
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Computing Bond Betas 

A vexatious problem in corporate finance is the computation of bond betas. The model 

presented here canbe easily used to compute the beta of a bond. Recall that the capital asset 

pricing model's security market line (SML)is given by: 

𝐸 𝑟𝑑 = 𝑟𝑓 + 𝛽𝑑 𝐸 𝑅𝑚 − 𝑟𝑓  

where E(rd) is expected return on debt, rf is return on riskless debt, and E(rm) is return on 

equity market portfolio. 

If we know expected return on debt, we can calculate βof the debt. Provided we know the 

risk – free rate and theexpected rate of return on the market. Suppose, for example, that the 

market risk premium is 8.4percent, and that risk – free rate is5 percent. Then a bond having 

an expected return of 8 percent will have a β of .357 as illustrated below: 

 

 
 

 

Financial Modeling, Second Edition, Simon Benninga; MIT Press 2000, pp. 334-348 
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