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0. Introduct ion
The aim pursued in th is paper is to construct  asymptot ical ly distr ibut ion-free

goodness-of-fit tests for testing parametric hypotheses on the distribution of point
processes, i .e. ,  our object  is  to der ive goodness-of- f i t  tests for  the hypotheses

( i ) ) " ( . )  €  A , , .  =  { ) , , ( ' , 0 ) , 0  e  O  C  R ^ }

on the  in tens i ty  p rocess  ) " ( . )  o f  a  po in t  p rocess .
For the part icular case of  the general  mult ip l icat ive model of  Aalen (see Ander-

sen,  Borgan,  G i l l ,  Ke id ing  (abbrev ia ted  be lo rv  as  ABGI( )  [1 ] ,  p .  128,  o r  H jo r t  [4 ] )
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rvhen )"( l )  -  o( t )Y"( l ) ,  rvhere ) ' , ,  is  an observable random process, i t  is  suf f ic ient
t o  c o n s i c l e r  t h e  h v n o t h " s i s

a ( . )  €

The hypothes is  (1 )  means
tha t  the  process

A = { o ( . , 0 ) , d e O C r ? - } .

t ha t  t he re  ex i s t  d  and  a  sequence  o f  ) , . ,  €  A , ,  such

f t
A*" (r)  -  I  l " (s,  d) ds

J o

is  I  rnr r t inc ' " lo '  11s1g and ever l 'n 'here Af r ,  c leno les a  sequence of  po in t  processes.e r r . o r ! r v )

Later we lvil l  assume that there exists an increasing sequence of constants o,,
such that

h I ^ ( t , o )  =  N I , ( t )  -  a , ' ( ^ t ( r )  -  
[ ^ '  

^ - ( s ,  d )  r / s )
J o  /

is  a square integrable mart ingale rvhich under the hypothesis converges to a Gauss-
ian martingale M with rnean zero and variance

E Nrz (D -  F ( t ,  e).

For the def in i t ion of  F( l ,d)  and condi t ions on ) , .  and o, ,  see Sect ion 1.
If we knew the true value of the parameter d, taking various functionals of

the process Mn we could obtain asymptotically distribution-free goodness-of-fit
tests l ike X2, cr2,  I io lmogorov-Smirnov, etc.  I lorvever,  in our case (rvhen test ing a
parametr ic hypothesis) ,  we do not knorv the t rue value of  d and i t  seems natural  to
consider the process

fr"@ = tuI^(.,i)

where d is an est imate of  d (see condi t ions (c5) in Sect ion 1).  However,  unl ike IuIn
the proce"" Mn is no longer a mart ingale and moreover,  the c lassical  change of  t ime
u -  F(t ,  d)  does not lead to an asymptot ical ly distr ibut ion-free process: the l imi t
d i s t r i b u t i o n  o f  M ^ @ - t ( ' , d ) )  d e p e n d s  o n  F (  . , 0 ) , 0  €  O .  T h e r e f o r e  t h e  t r a d i t i o n a l
way to construct  asymptr>t ical ly distr ibut ion-free tests is no more val id.

In this paper we propose another way of avoiding this problem and obtaining
asymptotically distribution-free nonparametric goodness-of-fit tests. The guideline
in this rvork is the idea of Khmaladze 16,7] to base goodness-of-fit tests not on
the parametr ic empir ical  process ( in the c lassical  i . i .d.  case) but on i ts innovat ion
process (see also Nikabadze, Khmaladze [g]) .

One can f ind the descr ipt ion of  Khmaladze's idea in the context  of  point  processes
irr  the nronograph ABGK [1] ,  pp.464-469. Anrong recent papers on asymptot ical ly
distr ibut ion-free tests for  parametr ic hypotheses lve menbion Hjort  [  ] .  The reader
mav discover a very f l i rect  connect ion betrveen the X2 tests of  Hjort  [a]  ancl  Nikul in
[10] and the innovat ion of  the present paper.  This connect ion wi l l  be descr ibed in
more detai l  in Tsigroshvi l i  [12]  ( to appear) .

In Sect ion 1 rve introduce some notat ion and give condi t ions (c l ) - (c5) rvhich we
need throughout the paper. Furthermore rve describe the nature of the process M'

- a^'( lr,(r) - 
lo' 

^^1s, F; as) ,
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and its l imiting process Lt . In Section 2 the Doob-lvleyer decomposition is given for
the l imi t ing process .Lr as a l inear t ransformat ion Q of  th is process and sorne of  i ts
properties are studied. In Section 3 we consider the transformation Q of the process
Mn and prove a l imit theorem for QM". In Section 4 rve construct goodness-of-fit
s tat ist ics in t rvo cases: when the funct ion F(. ,0)  is  knorvn (only 0 is unknown) and
when the funct ion F is unknorvn. Final ly,  in Sect ion 5 lve present some examples
of the s i tuat ions descr ibed in Sect ion 4.

1.  Descr ipt ion of  the Limit ing Process for M^(. ,d)
Consider the process

(2) fr^(t) -  Mn(., i)  -  
"; ' (N"(r) 

-
l' ^",r, D'y ar) ,

where F i, ,o*. estimate of the true value of the parameter 0.
In this section rve rvant to clarify the nature of this process and shorv that M^(',d)

is asymptotically a projection of Mn(.,d) for a wide class of estimates 0 (see (cb)
belorv).

First, let us formulate regularity assumptions on the intensity process )r,(.,0):
(c1) There exists a neighbourhood Oo of d such that for all t € [0, 

"] 
there exist

f i rst  and second cont inuous der ivat ives of  ) , . ( . ,0)  and log)r , ( . ,0)  w.r . t .  d (see also
ABGK [1] ,  p.  420).

(c2)  There  ex is t  func t ions  f ( t ,e )  and h1( t ,0 ) , . . . ,h^ ( t ,0 )  and a  sequence o f
increasing nonnegat ive constants {o"} ,  n = L,2,  .  . . ,  such that for  a l l  e > 0 and for
a l l  0 , d  e  O o

ll"r'*$ -'ll, 
-' = oo(,),

F n ( t , o )  -  a ^ 2  |  ^ ^ @ , 0 ) d s ,  h n ( s , o )  -
J o
2T

c^( t ,0)  =  |  nG,qhr  @,0)d,Fn( r ,0) ,
J t

l l"^r#r,.(s, d).- *r,(s, a) 
ilt = or(r) as n _+ oo.

l l * '  f ( . , 0 )  l l o - " o t ^

( c 3 )  f o r  a l l  i  =  L , 2 , . . . , f f i

l l"t 'W-'l l ; ,=op(t),

c( t ,o )  -  
1 , "  

h (s ,o )hr  (s ,o )dF(s ,o ) .

l og  ) , ,  ( . ,0 )  -  h r ( . op( r )

Here and everywhere l l /( .) l l l  is the sup norm of the
sidered on the interval [o,D].

Introduce some notation:

as t? --+ oo.

real-valued function / con-

l o g ) , . ( r ,  d ) ,  F ( t , 0 )  = f ( s ,O)ds ,

ll#'

t:o

a0

The superscript ? denotes the transposition. We assume that
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(ca) fhe matr ix C(t ,0)  is  posi t ive def in i te and f in i te and the matr ix C^(t ,0)  is
t ront iegat i i 'e def in i te and f in i te for  a l l  t  <T ancl  C € O i f  and only i f  ) " ( t ,0)  + 0.

To der ive the asymptot ic form c, f  the process for A,[ r ( . ,F;  *u.  need the fol lorv ing
assumptions about the est imate d:

(c5)  There  ex is ts  an  m-d imens iona l  vec tor - func t ion  l ( . ,0 )  such tha [ :

(3 )

(4)

with /- denoting the m-dimensional identity matrix, for rvhich d admits the rep-
resentation:

f  , ' (s,  d)/(s,  o)cl l^(r ,  o) (  co p-a.s. ,
Jo

[ '  ,1r , ' ) r rr(s,  o)</F(s ,o) = I^,
lo

f
o"(0 -  0) = 

Jo 
l (s,0)dM"(r ,  d) *  oo(1).

L IU) -M( t ) -  
I , '

The estimates with such properties can be exemplified by M-estimates, i.e., by
the estimates which are solutions'of the equation:

1T

I  gt"(s,O)dM^(s,0) -  0,
Jo

rvhere V'( ' ,0)  is  an rn-dimensional  vector- funct ion square integrable w.r . t .  F^(. ,0) .
In part icular,  the vector- funct ion i [ r , ( . ,0)  = hn(. ,d)  corresponds to the maximum
likelihood estimate and in this case, as it is easy to show, the representation (4)
takes the form:

o^(0 -  0)  =c- ' (0 ,  q  [ '  h (s ,o)dM^(r ,  g)  *  oo( r ) .
J O

We use the notation 0 for the maximum likelihood estimate, using 7 fo, a general
estimate satisfying (c5).

By the Taylor series expansion around the true value of 0 we get

...
M^(t ,d1 -  Mn( t ,0)  -  o^(T -  0) ,  I  A , , (s ,  0)dF^( r ,0)  *  oo( t ) ,

J O

and under conditions (cl)-(.5) one can easily prove the follorving theorem (for the
proof see Hjort [ ] or ABGK [t], p. 457).

Theorem 1. I f  condi t ions (c1)-(c5) are fu l f i l led,  then on Dl} ,Tl

I r , r^ ( . . ,7 )  !  r ' ( . ) ,  M^( ,0)  Z  q . ) ,  n .+  9o,

where

(5) lrt(r) or.4 
lr '

l (s)  M(ds)
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and

(6) L(t)  -  M(t)  -  [ '  nr61dF(s)c-r(q [ '  h@) tur(ds)
Jo Jo

are Gaussian processes with zero rnean and coaariance functions

R1,(t,u) = r(r ^ u) - [' nr61dr(s) [" ,G)dF(s)
J o  J o

- f nt(r) dr'(s) [ ' ,@dr(s)
Jo 

\  /  
Jo

* Ir'n'(r) 
dF(s) 

lo' \,)t'(s) dF(s) 
lo" 

o'r,rdF(s);

and

Rn(t,u) =r(r ^ q - 
[^ n'(r) dF(s)c-r@ 

l:h(s) 
dr(s).

Jo

Here M is a Wiener process with covariance function n(U1t1U(")) = FU Au),

and 3 denotes the convergence in distribution. All functions above depend on the
parameter 0 but for the sake of brevity we omit it from notation. Hopefully this
will not lead to confusion.

Denote

and

1t
I nG) d,F(s) - e,

J O

fiu, - L'(t), fiu, - L(t),
so that we have

(T) frtnt, - Mt - sT [' ,@dM(s),
.  Jo

(8) f iu, -  M1 - sTc-'r i ,  [ '  h@)dM(s).
Jo

Introduce the class C'[0,"] of functions 6 e n1O,?] such that the derivative
w.r.t. r'(.) exists and

(rrorr")':- fo' (ffi)'011,1 (oo.

Then, as it is well known, the bil inear functional on C2[0 ,4, D[O,T]of the form

(e) (6; xl = [' ( ad?) \= Jo (ffiJdx(s)
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is well defined for almost all trajectories X of the Gaussian martingale M, while
on C2[0, T] x C2[0, ?] this functional is a scalar product. Now, we are ready to
describe the structure of the l imiting processes (7) and (8):

Lemma 1. The transformatio, f i,M, is a projection and the transformalion
fit t, is an orthogonal projection if anil only ;f (gl holds. Projections are parallel
to. the funct ion g(t)  on the subspace which is orthogonal  w.r . t .  (9)  to the funct ion

"fr t(r) dr(s) o, [: h(s) dr'(s) respectiuety.

Proof. Indeed, for all 0 e R

t(s)hr (s) dF(s)B = o,

O D

f rgTp-sTp-nT I , '
i . . . ,

and

fifi,u, - fiM, l(s)h"(s) dr(s) - I^

r(s)h" (,) dFG) 
lor

(10) nt = rlo v "{ Ir" 
n@) atu(")} = rlo v ,{ 

I,'a(s) 
au(s)}.

nr 61c-'(q I, h(s) dM(s) dF(t),

W l, t(s)dr(s); f iu1) = g'  
l , '  ,Urd,M(s)

t(s) dM(s) = 0. tr

Note that in the case of fr, the proce*.r frM, and g"(t)c-t(0) ff n@dM(s)
are independent. By the nature of this lemma we will call the estimates which
satisfy (c5) "projecting" estimates (see Khmaladze [b]).

2. Doob-Meyer Decornposition for the Limiting Processes and Its
Properties

In this section we derive a one-to-one transformation Q of the processes ̂Ll and
.[ into a Wiener process and give some properties of this transformation.

Consider the filtration {7tt}0c(?,

We would like to derive the Doob-Meyer decomposition for the process M (.)
w.r.t. {?|t}ostsz. To do this, we proceed as follorvs: since M(dt) and ff h$)dM(s)
are independent of f lr, by redundant conditioning (see, e.g., Bremaud [3], p.2g1)
we have

E(M(dt) ln,) - nlugtll [, '  o1,1oM(,)]
t  I  J t

Now using the fact'that for all t € [0,7], M(dt) and f n!)d,M(s) are jointly
Gaussian random variables and

nlu4tll l,' h(s)dM(,)] =
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we obtain the following Doob-Meyer decomposition for M (.):

(t) = M(t) - 
lr '  

nr(s)c-,(i 
l ,  

h@)dM(u)dr(s). ,

Equation (11) defines a l inear transformation I of M into W. Let us apply the
same transformation to processes .Ll and .L. Then the following equalit ies hold.

Proper ty  L .  Q l t t ( t )  =  QL( t )  =  QLI ( t ) .

Proof. The proof of these equalities rvould follorv from

g x ( r ) = 0  i t r  # - h r | ) p  f o r a l l  g e R ^ .

To prove this fact, denote

so that QX(t) = 0 is equivalent to

-dv(t) = h(qhr \c-t 1t7v plarpl

or 
dp-r1r;rz1r11 = 9,

which leads to C-t(t)y(n) - I  or V(t) -  C(t)p.This equali ty is val id i f  and only
ir #E = hr (t)p. tr

Note that this property clarifies our choice of the filtration. As a consequence of
it, an empirical analogu e of Q Lt (.) (which we will consider in the following section)
will be independent of the estimate, and will have the same form for all projecting
estimates. This is certainly an advantage from the computational viewpoint.

By the following property we obtain a one-teone relationship betrveen the pro.
cesses I( . )  and ALO.

Property 2. If condition (ca) rs satisfied, then the process

(r2) w (t) = L(t) -  
[^ '  6'r  (s)C-, (r) 

I ,  
h@) dL(u) dr(s)

J O

is a Wiener process w.r.l. the fltralion {7t11ry4r with

E(w( t )w ( " ) )  =F ( rnu ) ,

and (L2) has a oni)o, inaerse of the form

L(t) = W(t) * [^ ' l , t(r) Ir '  "-11u;n1u;a 
w@)dF(s).

J o

v(t) = 
I,' oUrdx(s),
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Proof. Being a l inear transform of the Gaussian process.[(.), the process W(.)
is also Gaussian. A direct  calculat ion gives us

E(vv ( t )W( " ) )  =  F ( t ^ r ) .

To prove that L is the only inverse on the space of functions orthogonal to g(.)
rv.r.t. (9), it is sufficient to shorv that the kernel of the transformation Q contains
orrly functions of ihe form gr U)p for aii I e R"r. l iorvever, rhis is t, l ie same as
rvhat was shown in the proof of Property l. D

Rewrite transformation (12) in the following form:

(  13 )

where

( 1 4 )

w(t) = 
Io' 

k(t,s)dL(4 = 
lo 

(r(, S r) - r(r,s)) d^c(s),

r(r, s) = 
Io'"' 

trr (u)c-L91ar6)h(r)

and /(A) denotes the indicator of the event .4.
Now we state some easily verified properties of the kernel r(t, s) (cf. Khmalad-

ze [6]) :

Property 3.  I f  the kernel  r ( t ,s)  is  def ined by (14),  then

1 T  1 t

J, 
r21r, s; dF(s) =, 

Jo 
r(r, s) dr(s).

Proof. It is an easy consequence of the fact that

fT

J, 
k'(t,s)dr(s) = r(r). tr

Property 4. r(t, s) ds a Hilbert-Schmidt kernel.

Proof. From Property B by the Cauchy-schwarz inequality we have

f T ^ l t , s T

J, 
,21t, s) dr(s) = , 

Jo 
r(r, s) dr(s) s 2(r(,)) ,,, ( I, 

121t, sydF(r)) "',

and therefore

[ '  , r1 t ,s) r / r (s)  < 4F( t ) ,
.  J 0

so that f inally

r2 ( t , s )dF(s )dF( t )<2F2(? )  <  * .  t r



68 N. O. IVuglaperidze, Z. P. Tsigroshaili, and. iLI. aan Pul

t Property 5. On the functional space (C'P,f]; l l . l l") the linear transformation
Q is continuous.

Proof. Consider

(15) |Q6l," - (1,'(#8) 
' 0r1,',1)'''

/ f T t d . 6 ( s \  - , v . . -  f T  . 1 2 . - . . \ t / '= u, (ffi -hr(s)c-'(')l n@)d$(u)) ar(s))

= (ttott3 * I, '  r, '(u)d,s@)c-'$) I, h@)ds@,)"'.

Consider now the quadratic form

1T 1T
,l,G) = 

J , 
n' @) dg(u)C- '(') 

/, 
h(t) dS@).

By (c5), the matrix C(r) is positive definite, so r/(s) is positive for all s € [0,4,
and we have

f T r l T
+G) = 

J, U, 
n, @) dq@)c-r(s)rr(u)) d6@)

s (1, (1,' n'@)dg(u)c-'1,yr,1,,y) 'ao@))'' ' 
(1,'#8) 

'arpl)'t '

= (/(,)) ','( 
I,' (#E) ' ar1u1)'t' ,

i . e . ,

/(,) s I,' (ffi)',ar61
for all s € [0,7] and therefore ,h(f) = 0.

Now from (15) we have

lloll,=r.lllB,", ffi 5rt.

So the l inear transformation Q is bounded on CzlT,Tl. tr

3. Weak Convergence of The Process QM^(., 'd).
' In this section we prove that under the hypothesis the transformation Q of

Mn(. d; .onr'"rges in distribution in D[0,T]to a Wiener process I/ with covariance
funct ion E(W(I)W("))  = P(t  A u).

Consider the process

(16) w^(.,Ty - Mn(.,h - 
lr '  

nr6)c-'@ 
I, 

h@)dM^(u,i)dF(s),
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I  o,  equivalent ly,

(  l i )  w^(t , i1 -  
[ '  r ( r ,  s)  ctNrn(s,  o-)  = [ '  U(,  S r)  -  r (r ,  s))  dNr^(s,d).

Jo .lo

Theorem 2. Under the condi t ions (c l ) - (c5),  u,hen the hgpothesis holds,

tvn(.,d1 3 vv (.)

on lhe  space D[0 ,7 ] .

To prove this theorem lve need an auxiliary lemma.

Lemma 2 .  Le t  d " ( . )  e  C2[0 , " ]  and l lS^( . ) l l .  *  0 ,  as  n  -+  oo .  Then

l lQL"( ' ) l l f  + Q.

Proof. By Property 5 of the previous section, l ld"(.) l l"  * 0 implies l led"(.) l l ,  =
o (1 ) ,  i . e . ,

[ '  (  dd^( ' )  r '
J, (#CJ dF(s)'-* Q as n + o"'

Now

ned^olll = ll,'(#ffi) ,",',11, sted^()tt,r(")'t2 -0
a s n + o o .  t r

Proof of Theorem 2. By the Taylor expansion

M^(t ,7y -  M^( t ,0)  -  o^(V -  0) '  [ '  o^( r ,  d)  dFn(s d)  + e^( t ) ,
J O

where

e^(t) - anli - ,l1r ar, I: (#^"(,, d) - #^^r,, e;) a,
and 9 is some point between 0 and d.

By the l inear i ty of  Q and the fact  that

aU,  h@,0)dF(s  d ) )  =  d

rve have

w,(t ,T) -  wn(t ,  0) + Qe^(t)

- o^(d - 0)' a( l , 
h,,(s, 0) dF^(r, d) - 

Ir '  
h(s,o) d,r(s,o)).
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Here Wn(t ,0)  -  QM"(t ,0)  is  a mart ingale w.r . t .  {Fr}oSrS7 with jumps o;1 and
quadratic variation (QM,,Xt,0) - F"(t, d) which converges in probabil ity to F(t,0)
for all t € [0,7], i.e., the conditions of the CLT for martingales are fulf i l led (see,
e.g., Liptser and Shiryaev [8]) and so, on the space Dl},Tl, we have

eM,(. ,q Z AM(.)

By the condition (c2) both

and e,,(t) are the functions from C'[0,7] converging in probabil ity in l l  . l l .-norm

to 0 and an application of Lemma 2 gives the assertion. tr

4. Construction of The Goodness-of-Fit Statistics
The kernel of the transformation (16) depends on the limiting distribution func-

tion F and also on the unknown value of parameter 0, r(t, s) = r(t,s,0) (or &(t, s) =
k(t,s,9)). Since the true value of 0 remains unknown we cannot use (17) directly
for the testing purposes. It is possible that the limiting function F(.,d) is also
unknown. As an example of such situation we consider the Aalen's general multi-
plicative model (see Section 5 below). In this section we will show how to construct
goodness-of-fit statistics in both cases.

First, let us consider the situation when F(.,0) is known and only 0 is unknown.
An example of such situation is also given in Section 5, this is Musa's model of
ABGK [1], p. 133, or van Pul [12f In this case it seems natural to replace d by any
a,o-consistent estimate (like 0 or 0) in kernel &(., ., d) and consider the process

(18)

One can see that

fr"Q) k(t,  s, 0) dM"(r, d).

o^(d - 0)' ( lr '  o^(,,0) dFn(s,E - 
I: 

he,o)dr'(s, d))

wn(t,i1 -fr"tt) (r(r, s, T1 - ,1t,r, a)) dM^@,d),

where Wn(t,F) is given by (17). To prove that

f r"o!w(.)
on D[0,?] ,  we need some smoothness condi t ions on r( t , . ,0)  w.r . t .  0 for  a l l t  <7.
These conditions are given below (see (c6) and Remark 3).

If now F(t,e) is an unknown function (i.e., the l imiting )(r, A) is unknown), it is
reasonable to use the kernel rn(t,s, d) instead of r(t,s,0), where

( 1e)

(20)
7 t  As

rn ( t ,  s ,e )  -  
I  t ' ( " ,0 )c ; ' (u ,0 )  dFn(u ,0 )h (s ,g )

J o
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(and plug in i fo, d). Hence, it seems that the followingprocess is suitable in this
case:

(zL) fr^1t1 - [ '  r^(r, r, i1atvt^1r,i1 - enMn4,d),
J o

where
kn( t  ,  t ,  e )  -  1 ( r  <  t )  -  ,n ( t  ,  s ,0 ) .

However, it is possibile to simplify the transformation Q first. Instead of calculating

E(M(dt) tn,) - n(ugrl 
l :n(s)au(s))

in Section 2, let us consider the (^ * l)-dimensional vector-function H'(.) =
(1,  ht( . ) ) .  Then

(22) nlugll 
l,' H(,) dM@l - HrU)c-'(r) [.' ,rurdM(u)dF(t)

J t

and instead of (11) of Section 2 we obtain the process

(28) w(t)- M(t)- [ '  nr1,1c-,(r) [ '  ,@)d,M(u)d,F(,)= eM(t),
Jo J  s

or equivalently,

1T
(24) w(t) = 

Jo 
/((r, s) dM(s) - QM(t)

with
/((t ,  s) = r{s S t} -  r?(t,  s)

and

r tAs
(25) r?(1, s, 4 = 

Jo 
nr @)c-L p1 arp)H(r).

Here C-'(t) is the inverse of the (** 1) x (m* 1) matrix

c(t,o) - [' ,61r"1";ar1,; - f (*1 hlk) \
rt rt ,.,,G) rrlryni( s1 ) 

ar61'

It is easy to show thaf W(t) still has all properties of Section 2. At the same
time the pre-limiting process has a computational advantage. Namely, os I suitable
process to base the testing procedure on we will take the process

(26) fr^1t1 - [ '  o^(r,r,d1dMn(r, i)  = enMn(t, i)
J o
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with
Kn( t ,  s ,0 )  -  / ( r  <  t )  -  R" ( t  ,  s ,  0 )

and

TtAs
(27) Rn(t,',0) = 

Jo 
nr fu)c;t(r) ar"(u)//(s),

where

cn(t,D= I, H@)Hr(s)dr,(s) - I,'(rl, h(:;ql,)) a+r,).

Then unlike the process defined by (21), the process (26) has the following

Property 6.

f r^( t )  -  a, t  [ '  Kn(t ,  , , i1 dN^(r)  = onr enN" (r) .
J O

Proof. The kernel of transformation Q, contains the functions of the form

,6rl(") d,Fn(s d;, *ith ry(s) = Hr(t,t,7)€ for any (* * l)-dimensional vector (.

If we choose €T = (1, 0, . . . ,0), then we get

(28) [' ,'(r, r,d1ar,1r,i)e - F^Q,V),
J o

which means that Q" annulates the compensator of ff". tr

R,emark 1. In order .R' in (27) to be well defined, we a^ssume that

c^ r (u ) \^ ( r )  -  ( [ '  H(s )Hr ( r ) ) , (s )ds) - ' ^ , , (u )  =  0  i f f  c^ (u)  -s .
\./u

By Property 6 we see finally that the test statistic can be based on the process

(2e) fr^Q) - a;t(n"trl - 
lr '  

Rn(t,r,d1dN^(r))

Now we formulate the smoothness assumptions on Rn(t,r,0) w.r.t parameter 0.
("6) For n ---+ oo, e -- 0

^ f T  r B  B(80) "r' J: il,, jariil ,,]#,rn(t,r,rt 
- 

h^n(t,r,e1lax^g; 
= oo(1)

and

(81) [^'  ̂ *r-l#^^tr,r,0)d,Nnt"llan^t r) = op(r).
Jo  s< t<T  toa i
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Here l l,9 - 0llB denotes the Euclidean norm in .R^.
In Section 5 rve will see what these rather traditional conditions look like in

examples, while at the end of this section rve prove the following

Tlreorenr 3. If th,e conditions (cl)-(c6) are fulf; l led, lhert,, 'under the hypolhesis,
on the funct ional  space D[0,  

" ]

w"03w(.) ,
where W(.) is a Wiener process uith couariance function

E(w( t )w( " ) )  =F( rnu) .

To prove this theorem we need an auxiliary lemma.

Lemma 3. If lhe assumption (c2) holds, then for all € ) 0,

os?lg-, lt;'(,) t$ffil - c-'(,)l = op(l) as ,l -) oo.

Proof. Consider the (f , j)th component of the matrix C"(u),

[.' noti*i@)a^2.t,(r) d,s = 
[.' u,tirr, (r){# d.(s)

J u  J u

fT-e 
r. /,s\ 1'o,,2,\n(s) _ r_ 

J, 
r/;(s)t_,._,, 

/(s) 
_ rJ dr(s)

fT  
- ,

+ |  uu(s)Hi(s)  dF(s)
J u

* l:_,H;(s)H1(') [#] ,.(")

Now by (c2) the first and third sufnmands in the right-hand side are small, while
the second summand tends to the (i, j)th component of the matrix C(u), whenever e
is small. Therefore all components of the matrix Cn are close to the corresponding
components of the matrix C, and hence the determinants and all corresponding
minors of these matrices are close to each other, i.e., we have

o.?ll_, lc;t(t) - c-t(t) l = op(r) as tl --+ oo'

An application of assumption (c2) again gives the assertion. D

Proof of Theorern 3. By the Taylor series expansion we obtain using Property 6

fr^Q) - a^'[ lr,(r) - 
lo' 

^^(t,s,d)d/r"(r)]



74 N. O. Maglaperidze, Z. P. Tsigroshuili, and M. uan Pal

fT-  Mn(r)  -  I  R"( t ,  s ,0)  dM"(s)
J O

-  o,(d -  o) 'o; '  
I r '  #R,(t ,s,o)ax"(s) *  oo(1)

fT
= QMn(t )  -  |  lR"( t ,  s ,0)  -  R( t ,  s ,0) l  dM"(s)

J O

- o,(7 - o\r n-z [ '  ! o^)  o i "  
Jo  UR"( t ,  

s ,0)dN"( r )  +  oo (1) .

By Property 5 of Section 2, Mn(.) converges to the Wiener process and it is sufficient
to show that the other two terms are small (see, e.g., Billingsley [2], Theorem 4.I).
But

rT
I (n U, s, o) - ft(f , s, o))dM"(s)

J o  

1 t  ,= 
Io' n'(,) (rr'(')1# - c-'\ (')) 

/ H@)d'M^(u)d'r(,)

and by Lemma 3 it suffices to consider only t > T - e and to show that the random
variables

[,lu'1,1c;'(4 I, H@) d,M^(u) | a+(,)

[,ln' 1,7c-' (q l, ' H (u)dM^1,y I ar1"y

are small in probability. But the first term is small because of Remark I above. To
show that the second term is small, we only need to apply Chebyshev's inequality.

Now consider

1 T  A  
t + ^  a - ' r . r ^ r  / ^ \  - ^ - 2  f '  (  o  o  . '  : '  a  -

"r, J: frn"(t, s,F)dNn(r) = - lo \aa,u,,(r, ,,e) - fin,{t,r, d)) dN,(")

* a,, 
Io' {rn^{r, s,0) dMn(r) + ,;, lo ft*,{r, s,0) d,Fn(r, g).

Assumption (c6) guarantees that the first two integrals in the right-hand side
are small in sup-norm, while the third integral is equal to 0. Indeed, by Property 6,
QnFn(t ,O) = 0,  or

a  f T a

fu r"(t,0) = 
Jo. fr o"(t, s,0) dF"(s,0)

with

fi'^P''1 -

and

* on' 
lo' 

*^{r, s,o)#^^rr,o) ds

Io' 
o^rr,q dF^(", d),
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so that

Remark 2. Without condition (c6) lve can sti l l  prove that

w"o!* ( . )

on D[0, T - e] for any e > 0.

Remark 3. In the case of a known limiting F(t,O) we need R(t,r,0) to satisfy
(30) and (31), and also (30) with a;2dNn(r) replaced by dF(r,d). This additional
requirement is needed because now QFn(t,A) + 0. Thus we have an additional
condition, but on the essentially simpler kernel.

5. Examples
In this section we will derive the forms of the transformations Q for two different

models: for the so-called Musa's model, in which the limiting function F is known,
and for Aalen's multiplicative model, where this limiting function is unknown.

o Mus.q.'s MoDEL. In this model en = nrlz and the intensity of the point
process is

) , , ( t ,  0 r ,02)  -  n0 t (0 ,  -  
" - t l r " ( t -  ) )

(see ABGK [1], p. 133, also van Pul [11]). According to this model the larger
number ff(r) of "errors" we have detected, the smaller is the intensity of detecting
a nelv one.

It is easv to see that in this case

and
h ( t , 0 1 , 0 2 )  =  ( o i t ,  @ ,  

-  F ( t , 0 1 , 0 r ) ) )  ,

where the limiting function F is known and has quite a simple form:

F ( t ,  0 t ,  g r )  =  g r0  -  exp( -011) ) .

The kernel  ̂ R(t, r,0r,02) of the transformation Q in this model has the following
form:

I r '  *Rn(r ,q 
dF^(r ,0)  = en(  I r '  

n^(r ,0)  c lFn(s,ay)  = o.  n

hT,( t ,h ,oz)  = ( t i t  , (0 ,  -  n-L Nn(r- ) ) - t )

R(t,r ,0t ,02) -  0r(  
fo 'n '  

Gr(1t(u))  d,u * , -u( ' )  
lo 'n '  

Gz(u@)) au),

where

G r ( r )  
e u - l - u  

^ ,  G r ( u )  
e u - l - , e u

(e r l z  -e -u /2 )2  - r . r2 '  
G ' ( " )=  

r y '
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l  und

t - r ( u )  =  p ( u , 0 1 )  =  0 r ( T  -  
" ) .

Norv rve see that for  a l l  t  < T aud r  (  T l ,he funcl iou R( l ,  r ,0 t ,0z) does uot depend
on 02 and is suf f ic ient ly smooth w.r . t .  parameter d1,

n  1 r
#  n ( t , r ,01 ,02)  =  

"  l p (O) (Gr ( r (O) )  a  e -p t  Gr (p (O) ) )
oat ut L

-  p ( tn  ' ; ( c , (p ( t  n  r ) )  +  e -p 'Gz( t r f r  n  r11 )  -  r t ( r )e - , '  [ "0 '  G2( {d t ] .
J  p ,  J

Clearly, condit ion (cO) is satisf ied for .R(t,r,01,02).

o AIIBN's MULTIpLIoATIVE MoDEL. In this model en = nLlz ag:ain and the
intensity of the point process N"(t) is

) , , ( t ,  0)  = a( t ,0)Y"( t )

(see, e.g., Hjort [4],  ABGK [U). In this case

hn(t ,0)  = h( t ,q = 
# log 

a(r ,0)

and

Hr ( t ,41  =  ( r  , * rouo( r ,  a ) ) .

However, unlike the previous example, we do not know the limiting function for
n-t\n(t,0), i . . . ,  for n-tY;(r) (we only assume that this l imit exists). Now the
kernel of the transformation has the following form:

Rn(t,r,0) = [ 'n '  , '  (u)B;r (u)Y"(u) a(u) duH (r),
Jo

where
1T

B"(u) = J, 
Y"(')d/(s)

and

/ ( s ) = -  f ' (  r  h r ( ^ \  \= 
Jo ( ni"l r,1'1r,F (") ) 

a(o) do

is an "extended partial information matrix".
Let us demonstrate the construction of the goodness.of-fit process in the special

case when the parameter d is one-dimensional and the function a(t,0) - r/(9) does
not depend on t. In such situation the extension of function h to function // gives
nothing new, becausg the components 1 and {(0) of H arc l inearly dependent (for
possible degeneration of the matrix.I see Tsigroshvil i [12]. In this ca^se rve havc

B^(u) = t(o)l#^t,!@) l,' ,^1i o,
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and the  kerne l  R" (1 , r ,0 )  becomes f ree  o f  d :

/ A r ,  f T  , , \ - t - , ,  \ ,  / -  i l n ' y ' , r ( s ) d s 1
R ^ ( t , r , 0 ) =  |  (  I  y " ( s ) d s )  y " ( u ) d u - - l o s ( t - $ - - - - ,

J o  \ J u  ' - \ '  /  ' - "  " \  
. f , ) ' r , ( s )  d s l

I t  is  easy to ver i fy that  Q,,  annulates the compensatonhQ) I ; ) ' " ( t )  r /s of  / \ ; ( r )
and finally the process I, l '" has the following form:

. , ^ r  r r  '  f : ' % ( r ) d r \ , ^ . . . l
V'{"(t) - n-"'lNn(r) + / tog (t - ltt----:::-:-- ldN^(t)l

L  
. '  J o  - \  

f i v " ( s ) d s /  J

Hence W"O does not depend on the value of the parameter d.
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